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Introduction to p-adic ¢-difference
equations

(weak Frobenius structure and transfer theorems)

Lucia D1 Vizio

Abstract. Inspired by the theory of p-adic differential equations, this paper introduces
an analogous theory for g-difference equations over a local field, when |¢| = 1. We
define some basic concepts, for instance the generic radius of convergence, introduce
technical tools, such as a twisted Taylor formula for analytic functions, and prove some
fundamental statements, such as an effective bound theorem, the existence of a weak
Frobenius structure and a transfer theorem in regular singular disks.

2000 Mathematics Subject Classification: 12H10, 12H25, 39A13, 65Q05.

Table of contents

I Basic definitions and properties of p-adic ¢-difference systems 5
1 The g-difference algebra of analytic functions over an open disk| . . 6
2 Gauss norms and g¢-difference operators . . . . .. ... ... 10
3 Analytic solutions of g-difference systems| . . . . . ... ... ... 13
4 Generic points| . . . ... ..o e 18
IT Effective bounds for ¢-difference systems 22
5 Effective bound theorem for g-difference systems| . . . . ... ... 23

6 Some consequences: a transfer theorem in ordinary disks and a
corollary about ¢g-deformations| . . ... .. ... ... .. ..... 27
III Weak Frobenius structure over a disk 31
7 Frobenius action on ¢-difference systems| . . . . . ... ... ... 31
8 Normal form for a system in Hg .................... 33
9  Proofof (74) . . . . . . .. 36

The author acknowledges the Institute for the Advanced Study for hospitality and the Na-
tional Science Foundation for partial support during the later stages of preparation of this paper.



2 Lucia Di Vizio

IV Transfer theorems in regular singular disks 39
10 An analogue of Christol’s theorem| . . . . ... ... .. ... ... 39
11 A first rough estimate] . . . . . . . ... oL 40
12 A sharper estimate| . . . . . . . ... ... oL 44
13 More general statements . . . . ... ..o 0oL 45
A Twisted Taylor expansion of p-adic analytic functions 45
14 Analytic functions over a g-invariant open diskl . . . . . . .. . .. 45
15 Analytic functions over non connected analytic domain|. . . . . . . 48
16  Proof of proposition 15.3/. . . . . . . . . . ... .. ... ... ... 49
B Basic facts about regular singularities of ¢-difference systems 53
17 Regular singular ¢-difference systems . . . . . . ... ... ... .. 53
18  From g¢-difference systems to g-difference equations . . . . . . . .. 54
C The ¢-type of a number 56
19  Basic properties of the ¢g-type of a number| . . . . . . . . ... ... 56
20 Radius of convergence of 1Py(q;aq;q; (1 —q)x) . . . . . . ... .. 56
Introduction

Since the late 1940’s, ¢-difference equations have been almost forgotten. In the last
ten years the field has recovered its original vitality and the theory has witnessed
substantial advances. Authors have also considered these functional equations
both from an arithmetical and a p-adic point of view (cf. for instance [BB92],
[And00Db] or [DVO02]). This paper seeks to fill a gap in the literature, offering a
systematic introduction to p-adic ¢g-difference equations when |q| = 1.

Our motivation for this work was Sauloy’s result on ¢-deformations of the local
monodromy of fuchsian differential systems over P& (cf. [Sau00a] and, for a survey
on the topic, see [And02b], [DVRSZ03]). Sauloy considers a fuchsian differential
system

dy

Tar T
such that G(z) € M,(C(z)). More precisely he supposes that the matrix G(z)
has no poles at 0 and oo, that the difference of any two eigenvalues of G(0) (resp.
G(00)) is not a non-zero integer and that all the poles x1,...,zs of G(x) are
simple. Under these assumptions one can choose ¢ € C, with |g| # 1, such that
zi® N qu]R = () for every i # j and construct for any 0 < € << 1 a ¢°-difference
system of the form

(S)ee Y(gx) = [L, + (° = DG ()] Y () |

(S) G(x)Y(z) ,
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such that the matrix G.(x) € M,(C(x)) converges uniformly to G(x) over {2 =
C* < (UixiqR U qR). One can suppose, for instance by taking G.(z) = G(x) for
all e, that there exists a matrix Q. € GI,(C) such that @ = lim._,o Q. and both
Q:G:(0)Q- ! and QG(0)Q~! are upper triangular matrices, and that an analogous
hypothesis is verified at co. Then, for e sufficiently close to 0, Sauloy constructs
two canonical solutions Y; o(z) and Y; o () of (S)4, respectively in a neighborhood
of 0 and oco: they both turn out to be meromorphic on C*. Therefore the Birkhoff
matrix P.(z) = Yz oo () "1Yz o(2) is also meromorphic over C* and moreover it is
elliptic: P.(x) = P-(¢°x).

Theorem 0.1. [Sau0Oa, §4] The matrix P.(x) tends to a locally constant matrix
P(z) over Q, when ¢ — 0. Let P’ and P" be the values of P(x) over the two
connected components of Q) whose closure contains the pole x; of G(x). Then the
local monodromy of (S) around x; is generated by P'P"~".

André, Kedlaya and Mebkhout have independently proved a Crew’s p-adic
monodromy conjecture: due to the lack of analytic continuation the problem of
p-adic monodromy is much more complicated than the complex theory, therefore
we think it would be interesting to study the properties of ¢g-deformations in the
p-adic setting .

There is a fundamental difference between complex and p-adic g-deformations:
while in C one can let ¢ — 1 avoiding the unitary circle, this is not possible in
the p-adic world. In other words, to study p-adic g-deformations of differential
equations one has to deal with the case |¢| = 1.

We are emphasizing the “|¢| = 17, since the literature is almost entirely devoted
to the case |q| # 1, to avoid the small divisor problem. In fact, consider a g-
difference equation

(€)q y(q"z) + au_1(x)y(¢" ) + -+ ag(z)y(z) =0,

where ¢ is an element of a normed field, archimedean or not, such that |g| # 1,
and the a;(z)’s are rational functions in K(z). Then any convergent solution
> ps0anx™ of (€)y is the expansion at 0 of a meromorphic function over Aj,
since the equation itself allows for a meromorphic continuation of the solution.
Moreover, the Adams lemma states that even the most irregular ¢-difference equa-
tions always have at least one solution whose uniform part is analytic at zero (cf.
[Ada29] and [Sau02b) 1.2.6]). On the other hand, when |¢| = 1, one has to deal
with the problem of estimating terms of the form 1 — ¢” (the so called small di-
visors problem), which can make the prediction of the existence of a convergent
solution of (£), very difficult.

We point out that we are not distinguishing between the archimedean and the
ultrametric case: while the differential equation theory gives rise to two substan-
tially different theories in the p-adic and the complex framework, the dichotomy
in the g-difference world is given by the cases |¢| = 1 and |q| # 1.

¢f. Y. André and L. Di Vizio, “g-difference equations and p-adic local monodromy”, preprint.
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Nowadays, the complex theory of g-difference equations for |g| # 1 has reached
a “degree of completeness” comparable to differential equation theory, as Birkhoff
and Guenther hoped [BG41]. Moreover it seems that those results should also be
true in the p-adic case with similar proofs (cf. for instance [Béz92] versus [BB92]
and [Sau00b, I, 2.2.4]). In the meantime very few pages are devoted to the study
of the case |g| = 1, which, apart from the small divisor problem, is characterized
by essentially two difficulties:

1) The meromorphic continuation of solutions does not work any longer, so one
needs a good notion of solution at a point & # 0. This is a key-point of the p-
adic approach, since we cannot imagine a p-adic theory of g-difference equations
without an analogue of the notion of Dwork-Robba generic point and generic radius
of convergence.

2) Sauloy constructs his canonical solutions using the classical Theta function

o) =Y ¢ " a"

nez

Of course it does not converge for |¢| = 1. Moreover all the infinite products, which
play such an important role in the theory of g-series (cf. for instance [GRI0]) and
would be very useful to write meromorphic solutions, do not converge either.

The lesson of the results contained in this paper is that p-adic g-difference equa-
tions with |¢| = 1 present the same pathologies as p-adic differential equations,
namely the uniform part of solutions at a regular singular points can be divergent,
according to the type of the exponents. In fact, the g-difference theory is precisely
a g-deformation of the differential situation. Since p-adic differential equation the-
ory has geometrical implications, this allows one to imagine that p-adic g-difference
equations should have some “non commutative p-adic geometric implications” (cf.
[And02al).

* ok ok

Concerning the content of the present work, we have chosen to introduce the
notions of g¢-difference algebra as required by the paper. Anyway a systematic
presentation with highly compatible notation can be found in [DV02, §1]. The
paper is organized as follows:

Chapter Il is an introduction to basic tools. First of all we study the properties of
the ¢-difference algebra of analytic functions over a disk and the properties
of g-difference operators with respect to the so called Gauss norms. We also
state a result, proved in Appendix [A, about the existence of a g-expansion
of analytic functions, which we use to establish a good notion of solutions of
a g-difference equation at a point £ # 0, co. In particular this allows for the
definition of generic radius of convergence at a Dwork-Robba generic point.
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In Chapter [IIl we prove an effective bound theorem in the wake of the Dwork-
Robba theorem, from which we deduce a transfer theorem in ordinary g¢-
orbits and a corollary on the g-deformations of p-adic differential equations.

Following Christol [Chr84], in Chapter IIIl we construct a weak Frobenius struc-
ture for g-difference systems having a regular singularity at O.

In Chapter [V! we prove a g-analogue of the Christol-André-Baldassarri-Chiarel-
lotto transfer theorem in a regular singular disk, relying on the result of
Chapter 11

The Appendix is divided in three independent parts.

Appendix (Al contains a proof the twisted Taylor formula stated in §1l for
analytic functions over a disk and a generalization to analytic functions over
non connected analytic domains. The proof is completely elementary and
the techniques used in it do not play any role in the paper.

In Appendix [Bl we quickly recall some basic facts about regular singular
g-difference systems that we use in Chapters [[11l and [IV.

Finally in Appendix [C we have grouped some technical estimates of the
g-type, which are used in Chapter V.

I. Basic definitions and properties of p-adic
g-difference systems

Until the end of the paper K will be an algebraically closed field of characteristic
zero, complete with respect to a non-archimedean norm | |, inducing a p-adic norm
over Q — K. We fix a normalization of | | by setting |p| = p~!. Moreover, we fix
an element ¢ € K, such that
L lgl =1
2. g is not a root of unity;
3. the image of ¢ in the residue field of K generates a finite cyclic group (i.e.
it is algebraic over I,).

Let us consider the ring

Ap =Y an(z = &) ay € K, liminf |a,| /" > p
n>0

of analytic functions (with coefficients in K) over the open disk

D=D(p ) ={reK:|¢—z|<p)
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of center £ € Al and radius p € R, p > 0, and the field of meromorphic functions
Mp = Frac(Ap) over D. Sometimes we will write Ap g (resp. Mp k) to
stress the fact that we are considering analytic (resp. meromorphic) functions
with coefficients in K.

If D is g-invariant (i.e. if D is invariant for the isometry x — gz, or, equiva-
lently, if |(¢ — 1)&] < p), it makes sense to consider a g-difference systems (of order
w, with meromorphic coefficients over D, defined over K ):

(S)q Y(gz) = A(z)Y (z) , with A(z) € Gl,(Mp k).

The main purpose of this chapter is to introduce the basic properties of g-difference
systems. First we study the properties of the g-difference algebra of analytic
functions and of g-difference operators with respect to Gauss norms. Then we
construct analytic solutions of g-difference systems, when they exist. Finally, we
define the notions of generic point and generic radius of convergence.

1. The ¢-difference algebra of analytic functions over an
open disk.

Let the disk D = D(&, p~) be g-invariant. Then the g-difference operator
oq: f(z) — flgqz)
is a K-algebra isomorphism of Ap: we say that Ap is a g-difference algebra.

One can also define a g-derivation

satisfying the twisted Leibniz rule
dq(fg) = 04(f)de(g) +dqg(f)g -

Lemma 1.1. The operator d, acts over Ap.

Proof. Let 0 ¢ D. Then by definition dy(f) € Ap for all f € Ap.
If 0 € D, we can suppose £ = 0. Observe that

(1.1.1) dez" = (1+q+--+¢" 2" ' vn>1

Then for any EnZO an,x™ € Ap we have:

dg Zanx” :Z(1+q+...+qn—1)anx”_1 e Ap .

n>0 n>1
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Motivated by (L.1.1), we recall the classical definition of ¢-factorials and ¢-
binomial coefficients, namely for any pair of integers n > i > 0 we set:

[O]qZO’ [n]q:1+q++qn71:%’

They satisfy the relation

—1 AN ~1 , 1
() (7 (e () e
v/ q t=1/4 v q =1y ! q

and

(1.1.2) (1-2)1—qz)- - (1—q" ') =Y (~1) (’Z) ¢
1=0 q

One verifies directly the following basic properties of o, and dy:

Lemma 1.2. For any pair integers n,i > 1 and any f,g € Ap we have:

(1.2.1) & " = {(?)qw”‘i, ifn >,

[1] 5; 0, otherwise;

(1.2.2) d2(fg)(x) = Z (?) dy () (¢ z)d) (9)(x);

(1.2.3) o = zn: (n) (4= 1)q" 7 ald) = Z H

]"
q 7j=01i=0 q

j—1 ) _1\n n ) G )
(1.2.4) d = Hiolo—a) (=) (—1)](7) ol
0 gt

=0
(g — 1)”q+x" (g —1)ram

(125) (ady)" = 35 f: ( )

j=0

Proof. The first four formulas are proved in [DV02} (1.1.8) through (1.1.10)]. The
proof of (L.2.5) is straightforward:

= (351) ~@mm s (4




8 Lucia Di Vizio

1.3. The topological basis ((xz — £)™),,~ of Ap is not adapted to study the action
of the g-derivation over Ap as the relation

(gz =&)" = (x ="
(¢g— 1z

clearly shows. So, rather than (x — &)™, one classically consider the polynomials

(‘T - 5)‘1,0 =1 )
(= 8qn=(x—8&(x—qf) - (x—¢" &), for any integer n > 1,

which satisfy the formula (cf. (L.1.1)))
dg(z = &g = [nlq(z — g1 -

Therefore we are naturally led to introduce the g¢-difference algebra

dg(z —&)" =

K{z—&}q,p = Zan :aneK,l%nigéﬂanrl/”zp
n>0

If £ =0, the K-algebra K{z — £}, , obviously coincides with the ring of analytic
functions over the open disk of center 0 and radius p and its structure is well-
known. If £ # 0, there are different equivalent ways to define the multiplication of

K{x—E&}q,p- Let f(z) = ano fr(z=En, g(z) = ano gn(z—&)n € K{z—E}q,p-

Then for any nonnegative integers i, n we have

(7€) = o and J(0'€) = (0~ D' =)+ ('~
q n=0

Moreover f(z) is uniquely determined by the sequence f(q‘¢), i > 0. Analogous
relations hold for g(x). Hence the product f(x)g(x) is the element of K{x — &},

associated to the sequence f(q'€)g(¢'€), namely, if f(z)g(z) = >, 50 hn (T — &)n,
we deduce from (1.2.4) that B

dg —1)™ n j n ]_‘I 1 j
= G000 = o S0 () o e

[ (g =1)rnlel” = j

The twisted Leibniz Formula (1.2.2) gives another natural way of defining the
coefficient h,,, in fact

dn n n .
hn = o ZZ( ) fuld"™ = Dng€" g -

Jj=0 h=j

In particular for any pair of positive integers [, k the formula above specializes to

I+k

@-nto-9=3 (1) @ = Dunat - 9

n=0
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The following proposition states that the natural map

Yl ()~ g

[l

(1.3.1) Tpe: fla)— >

n>0

defines an isomorphism of g-difference algebras (i.e. an isomorphism of K-algebras
commuting to the action of dy) between Ap and K{x — ¢}, ,. We will call the
map Ty ¢ g-expansion or twisted Taylor formula.

Proposition 1.4. Let D = D(§,p~) be a g-invariant open disk. The map
Toe: Ap — K{z -,y

f@) — Saeo ﬁ%{c@(w — em

is a g-difference algebras isomorphism. Moreover, for all f € Ap, the series
T,e(f)(x) converges uniformly to f(x) over any closed disk D(§,n), with 0 <

n <p.

The proof of (I.4) can be found in the Appendix (cf. §14). As a corollary we
obtain the more useful statement:

Corollary 1.5. Let f(z) = >, sqan(z — §)qn be a series such that a, € K

and let p = liminf |a,|™*/™. Then f(z) converges uniformly over any closed disk

D(&,n™), with 0 < n < p, to an analytic function if and only if p > |(q — 1)&|.

Proof. If p > |(g — 1)], the series f(x) converges by (L.4).
Suppose that p < |(¢ — 1)£]. Let ng be the smallest positive integer such that
[(g"™ — 1)¢] < p and let € be a real positive number such that

sup  |(¢' = 1)¢] > pte.

i=0,...,no—1

Then for any k € Z~¢ we have

(@™ =gl < sup [(¢" —1)g"™¢ < p
K2

=U,...,

and for any r =1,...,n9 — 1 we have

|(gF™oF™ — 1)¢] = sup (|(qk"° —1)¢], [(¢" — 1)qkn0§|) >pte.

Therefore for z¢g € D(&, p~) we obtain

(o — &gl =[] Ir0— )+ €0 — )|
1=0

S+ T T we—grea g™l

osiz 3]
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We conclude that

sup (0 — E)ngl = (p+ )" L5 ]l 5
lzo—&l<p
and hence that ) an(z9 — £)q,n does not converge over D(§,p™).

Let p = |(g—1)&|. Suppose that Y - an(x—E&)q,n is convergent over D(&, p™).
Then the series -

f(q-'lf) = ao + (qaj - g) Z anqn_l(aj - €>q,n71

n>1

must also converge. By induction we conclude that for any xg € D(§,p~) and
any integer n > 0, the sum f(q"x¢) is convergent. Hence f(z) converges over a
bigger disk than the closed disk of center ¢ and of radius p, which means that
lim inf |a,| /™ > p. O

n—oo

2. Gauss norms and ¢-difference operators.

Let D = D(&,p). We recall that Ap comes equipped with a family of non
archimedean norms | |¢(R), the so-called Gauss norms, (cf. for instance [Rob00),
§6, 1.4])

> falw=&)"|| (B) = sup |ful B ,

n>0 ¢

defined for any R € (0,p) and any > -, fo(z — &)™ € Ap. It follows by Gauss
lemma that they are multiplicative norms. If moreover R € |K|, then (cf. [DGS94,
IV, 1.1])

d faz=9"| ()= sup > falzo ="

n>0 ¢ zo€K, |zo—€&|<R n>0

The norm || ||¢(R) plays a central role in the study of p-adic differential equation
as well as of p-adic g¢-difference equations; therefore it is crucial to calculate the
k

norm of the K-linear operator % with respect to || ||¢(R) as well as to be able to
q

calculate the norm of f € Ap by looking at its g-expansion:

Proposition 2.1. Let f(x) € Ap ). If|[(1 = q)¢| < R < p, the norm | ||¢(R)
satisfies

k
o f(a)
3

(2.1.1) aD

(R) < = 1 @)l (B) for all k € Zso;
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and

(2.1.2) 1f(@)lle(R) = sup

[l

Remark. Inequality (2.1.1) generalizes [DV02, 4.2.1], where we considered the
case { =0and R=1.

Proof. Let us prove (2.1.1). Since

k
q

dg
f@=2h@@%%

!
(k] =
it is enough to prove that

dk
q! (m - g)n

[k,

1 —
(R) < RF l(x = &)"||¢ (R) = R*™*, for any n > k.
q

§

We proceed by double induction over k, n.
Let £ = 1. If n is an odd positive integer the inequality immediately follows
from

dAxgw@m_fffﬁﬁ_gylggmxsw1%w5ﬁ.

If n is an even positive integer we reduce to the previous case by observing that

(g2 9" — (="

(qn_/Zl)z n/2
(qx - 5)((1 _1)(2'; - 5) ((qx _ €)n/2 + (.’E . 5)77,/2)
= dy@ =" (a2 = O™+ (@ —)"/?) .

Now let k£ > 1. The inequality is clear for n = k. It follows from the twisted
Leibniz Formula (1.2.2) that for any n > k we have

dg(x =" =

dy
[K];

q

(R)

(z — &+
¢

R

(R)

k—1

d
m(x ="

IN

wp<W¢x—a£5@—§w (),
! 3

1k
< RrHIER

(R)>
¢

which completes the proof of (2.1.1)).
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Clearly (2.1.1) implies that

dg (f)

[n]g

[ f(@)|le(R) = sup

(5)'1%" .

So it is enough to prove the opposite inequality to obtain (2.1.2). By (L.4) we have
flzo) = Tq.e(f)(zo), for any x¢p € D. Then it is enough to remark that

n—1
(@ = &qnlle (R) = H {(x —-&)+€(1- qi)] (R) < R™ for any integer n > 0,
i=0 I3
to conclude that
@) TGP
1) < s | S 16 = Sl () < sup | Lo )| B
This finishes the proof. a

The following lemma will be useful in (6.3), where we will consider some prop-
erties of families of g-difference systems deforming a differential system.

Lemma 2.2. Let f(z) =), 5qan(z —&)" and g(x) = 3, 5o bn(z — §)gn be two
analytic bounded functions over D(&,17), with |{] < 1, and let 0 < |1 — ¢| < e.

Suppose |1~ gll¢ (1) < =. Then | & —dy (o) (1) <
Proof. Notice that for any positive integer n we have

nlg —nl=1g=1+-+ (@ '=1[< suwp |¢—1<|¢g—1|<e,

i=1,...,n—1

(@ = &)l (1) = [l(z = Egmll¢ (1) =1
and
[(@=8)" = (& = &gmlle (1) <[1—q] .

We can assume that both ||f||¢(1) <1 and ||g¢(1) < 1. Therefore one conclude
that

%_ q(g)Hg(l) = HZnZlann!(x—g)”—l_bn[n];(x—f)q,n—lHE(l)

IN

)

SUp,>1 (|ann! —bynl|, |bpn! — by, [n]:z

bl [ =" = (@ = gl ()

IN

sup (Inlle, [(1 = @)bal, [ba[n]; (1 = 9)])

IN

sup(e, |l —q|) <e.
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3. Analytic solutions of ¢-difference systems.

Let us consider a g-difference system of order

(8)q Y(gz) = A(x)Y () ,
whose coefficients are meromorphic functions over a g-invariant open disk D(, p7).
We will assume that A(z) € GI,,(Mp,,-))-

The system (S), can be rewritten in the form

A(z) -1,

(-1~
where I, is the identity matrix of order y. One can iterate (S); obtaining

dy(Y)(z) = Gn(2)Y (2) ,

(S), de(Y)(z) = G(x)Y (z), with G(z) =

with
Go(z) =1,, Gi(z) = G(x) and

(3.0.1) Gny1(2) = Gp(qr)G(x) + dy(Gy)(z), for any integer n > 1.

If G(z) does not have any pole in ¢N¢ = {¢&, ¢, ¢3¢, ...}, it can be identified, by
considering its g-expansion, with a matrix with entries in the ring

Kz—¢], = Zan(a?—ﬁ)q,n:aneK ,

n>0

whose multiplication is defined as in (I.3). Then a formal solution matrix of (S),,
or equivalently of (S), at { is given by

(3.0.2) Y(z)= Z Gn(‘E) (=8&qn -

= [l

The fact that Y (£, §) = I, does not allow us to conclude that Y (&, x) is an invertible
matrix, since K [z — ], is not a local ring (cf. Appendix [A} §I5). Actually we
need a stronger assumption:

Lemma 3.1. The system (S)q has a formal solution matrix in Gl,(K [z — ] ) if

and only if the matrix A(x) does not have any poles in ¢"¢ and det A(z) does not
have any zeros in ¢"¢€.

Remark 3.2.

1) If the conditions of the lemma above are verified, then (3.0.2) is the only solution
of (8)q in Gl (K [z —¢],) such that Y(£,£) = I, and all other solution matrices
of (8)q in Gl (K [z — £],) are obtained by multiplying Y'(§, #) on the right by an
element of G, (K).

2) Observe that, if (S), has a solution matrix Y (z) € Gl,(Ap) over a g-invariant
disk D, the matrix A(z) = Y (¢gz)Y (z) ! is an element of G1,,(Ap). Hence neither
A(z) has a pole in ¢Z¢ nor det A(z) has a zero in ¢%¢. It follows by the statement
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above that (S)q can have a formal solution in G1,(K [z —¢],) which is not the
g-expansion of an analytic solution.

3) Suppose that Y(§,2) € Gl.(K [z —¢£],) is the g-expansion of an analytic so-
lution of (S), converging over D(§, p~) and let | — | < p. Then necessarily we
have

(32.1) V(¢ ) =Y (&)Y (£, € Gl(K [z —(],) ,
since both matrices are analytic solution matrix of (S), at ¢, of maximal rank,
having value I, at ¢.
Proof. By the remark above, the system (S), has a formal solution matrix in the
ring Gl (K [z — £],) if and only if Y (£, z) is in Gl (K [z —£],).

For any non negative integer k it makes sense to evaluate Y (£, z) at ¢*¢:

Vie.a'e) = 3 e

= [l

gn(qk - 1)q,n 9

since the sum on the right hand side is actually finite. Of course there are

precise relations between the sequences (GE:L](F))/C and (Y(£,¢%¢))x>0 that one
a >0 -

can easily deduce by (1.2.3) and (1.2.4). Tt turns out that an element Y(z) €

My (K [ = €],) is uniquely determined by (Y(¢"¢))x>0. Therefore Y (¢, x) €

Gl (K [z —€],) if and only if Y (€,¢%¢) € GlL,(K) for all k > 0, the inverse of

Y (€, x) being the element of G1, (K [z — £],) associated to the data (Y (£, ¢"¢)™")
To conclude it is enough to observe that

Y(&,q") = A(¢"OA(GE) - A©Y(€,€)
= A("TTOA(F2E) - A(E)

k>0°

O

In the next corollaries we give some sufficient conditions for having a funda-
mental analytic solution matrix, i.e. an invertible solution matrix Y (z) such that
Y (x) and Y (x)~! have analytic coefficients over a convenient g-invariant open disk.
They are just partial results and we will reconsider the problem of the existence
of analytic solutions for (S), in the next sections.

From (L.4) one immediately obtains:
Corollary 3.3. The system (S), has a fundamental analytic solution matrix at
& if and only if

- the matrix A(z) does not have any poles in ¢"¢,

- det A(z) does not have any zeros in ¢"¢,

1/n
G <l - ve

- lim sup
n—oo
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Before stating the following result we need to introduce the number 74, which
plays a role analogous to the m of Dwork for p-adic differential equations. We
recall that 7 is an element of an extension of K such that 77~1 = —p

Notation 3.4. We suppose that there exists an element 7, of K such that lim |[n];|1/ "=
n—oo

|7ql.

Remark 3.5. The condition above is somehow a minimal require for 7, and ac-
tually it does not define it uniquely. Further developments of the theory point out
extra conditions that will determine more precisely the choice of m, (cf. [And02a]).

Corollary 3.6. Let p <1, p|my| > |(1 — ¢)€| and D = D(&,p~). Suppose we are
given a square matrix G(x) analytic over D such that
1
sup |G(z)] < —
z€D P
and that the determinant of A(z) = (¢ — 1)zG(z) + 1, does not have any zeros in
"¢, Then Y (qx) = A(2)Y (z) has an analytic fundamental solution at €.

Proof. Tt follows by (2.1.1) and (3.0.1) that
1
— , forany n > 1,

Ga(©)] < %sup@ [Gar(©)l) <

which implies that

G V"

lim sup ‘ ;

1
7 im sup |Gn(§)‘1/n <

B |7Tq| n—00 o P|7Tq| .

Since plmg| > [(1 — ¢)&], the matrix Y (x,€) in (3.0.2) is the g-expansion of an
analytic fundamental solution. ad

3.7. Iteration of (S), and existence of analytic solutions.

In the rest of the paper we will often assume that (S), has an analytic fundamental
solution at some point ¢ or that |1 — ¢| is smaller than some constant: this is not
always true.

Sometimes one can easily reduce to the case of having a fundamental analytic
solution by iterating the g-difference system. In the same way one can reduce to
the case of a ¢ € K such that |1 —¢| << 1.

Let us analyze the situation in detail. Suppose that (S), does not have an
analytic fundamental solution at (. Then it may happen that there exists ng > 1
such that the system

(S)gro Y(g™z) = Ap, ()Y (2) , with A, (x) = A(gm ) A(g™2x) - - A(x),

obtained from (S), by iteration, has a fundamental analytic solution Y (x) over a
g"°-invariant open disk D({,n™). If ng is the smallest positive integer having this
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property, then one can construct a fundamental solution F'(z) of (S)q, analytic
over the non-connected ¢-invariant analytic domain

(3.7.1) D(¢,n~)UD(g¢,n~)U---UD(g"™'¢,n7)
by setting

F(q'z) = A;()Y (z) = A(g"™ )A( ) (¢ tz) - A@@)Y (),
for any x € D(¢,n~) and any i =0, ...,ng — 1.

Observe that the restriction of F(z) to D(q*¢,n™), for any i € Z, is an analytic
fundamental solution of (S)gno.

So, if the g¢-difference system has an analytic solution over a non-connected
analytic domain as above, it is enough to consider a system obtained by iteration
to reduce to the case of a system having an analytic solution over a g-invariant
open disk. In the appendix we will consider the g-expansion of analytic functions
over non connected domain of the form (3.7.1)).

The same trick allows us to reduce to the case of a small |1 — ¢|, knowing that
1inmioréf |1 —¢"| =0.

3.8. Removing apparent and trivial singularities.

In this subsection we will consider g-difference system having meromorphic solu-
tions or analytic solutions with meromorphic inverse. Our purpose is to explain
how to reduce by gauge transformation to the assumption of having an analytic
fundamental solution.

Once again we consider a g-difference system
(8)q Y(qz) = A(2)Y ()

with meromorphic coefficients over a g-invariant disk D = D(&, p~), defined over
K. For any matrix F(z) € Gl,(Mp), the matrix Z(z) = F(z)Y (z) is a solution
to

(3.8.1) Z(qz) = Appy(2)Z(2) , with Ajpy(z) = F(qz)A(z)F(z) "

The matrix F'(x) is usually called a meromorphic gauge transformation matriz.
Notice that

Apy(z) =1,

(g— 1 = Fqz)G(2)F(2)™" + dg(F)(2)F(2)~" .

(3.8.2) Gip(r) =

Following the classical terminology of differential equations (cf. for instance
[DGS94, page 172]) we give the definition:

Definition 3.9. We say that ¢“¢ C D is an ordinary g-orbit (resp. trivial sin-
gularity, apparent singularity) for (S)g, if (S)q has a solution in Gl,(Ap/) (resp.
Gly(Mp) N M,x . (Apr), Gl,(Mpr)), where D' C D is a g-invariant analytic
domain of the form (3.7.1) containing .
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Remark 3.10. In the sequel we will informally say that the system (S), has “at
worst a finite number of apparent singularities in D” to mean that (S), has only
ordinary g-orbits in D, apart from a finite number of apparent singularities.

The following statement is a g-analogue of the Frobenius-Christol device (cf.
[Chr&1, 11, §8]) to remove apparent and trivial singularities over

DX — D if0¢ D,
" | D~ {0} otherwise.

Proposition 3.11. We assume that
(3.11.1)
the system (S), has at worst a finite number of apparent singularities in D*.

Then there exists H(z) € Gl,(K(x)) such that the g-difference system Y (qx) =
A (2)Y (x) has only ordinary orbits in D*.

The proposition immediately follows from the more precise statement:

Proposition 3.12. Suppose that (3.11.1) is verified. Then the following propo-
sitions hold:

1) There exists a polynomial P(x) € Klz], with P(0) # 0, such that the ¢-
difference system Y (qx) = A|py,)(2)Y (z) has only trivial singularities in D*.

2) Suppose that (S), has only trivial singularities in D*. Then there exists H(x) €
Gl,(K(z)) such that

- H(z) does not have a pole at 0 and H(0) € Gl,(K),

- H(0) € Gl,(K),

E@L = [HE@),, = e,

- the g-difference system Y (qx) = Ajg)(2)Y (x) has only ordinary orbits in D*.

Proof. Let P(z) € KJz] be a polynomial such that for any ( € D* and any
solution matrix U (z) meromorphic on a convenient g-invariant analytic domain
containing ¢, the matrix P(x)U;(z) is analytic at . Then P(x)U¢(x) is a solution
matrix of the g-difference system associated to Ajpp,)(x), which has only trivial
singularities in D*. This completes the proof of the first part of the statement.

Now we prove 2). Let ( € D* and let Y(z) € My, (Ap/) N Gl,(Mpr) be
a solution at ¢ of (S),. If (S), has a trivial singularity at ¢¢, then necessarily
det Y () has a zero in ¢”C. Notice that, since any infinite subset of ¢”¢ has a limit
point in D', the analytic function det Y (z) € Ap: has only a finite number of zeros
in ¢%C.

Let ¢"¢ be a zero of order k > 0 of detY (x) and let B = *(B, .. ., By,) be
a non-zero vector in K* such that BY (¢"¢) = 0. We fix 1 < ¢+ < p such that
|B,| = maxj—1,. ,|Bj| > 0. Of course one can suppose that B, = 1. Let us
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consider the gauge transformation matrix

0
I[L—l 0
0
B B,_ 1 B, B
Ha)=| —— o o | —— | — .
x —qnC T—q"C | z—q"¢ | z—q"C z—q"C
0
0 ; I,
0

Since BY (¢"¢) = 0, the matrix H(z)Y (z) is still analytic at ¢"¢ and

0
I, 0
0
H(:U)_lz -B, -+ =B, x_qnc 7BL+1 *B,u
0
0 : Ty
0

Moreover det (H(z)Y (z)) has a zero at ¢"¢ of order k — 1. By iteration, one can
construct a basis change satisfying all the conditions in 2). ad

4. Generic points.

We consider an extension /K of ultrametric fields with the following properties
(for the construction of such a field see for instance [Rob00, §3, 2]):

1. the field 2 is complete and algebraically closed;
2. the set of values of {2 is R>g;

3. the residue field of € is transcendental over the residue field of K.

Then for any R € Rx>( the field 2 contains an element ¢p, transcendent over K,
such that |tg| = R and that the norm induced by Q over K(tg) is defined by

> aity
dobjtn

_sup; |a; |R?

sup; [bj|RI
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Observe that, if f(x) is an analytic function over a disk of center 0 and radius
p > R, we have

[ftr) = 1f(@)llo (R) = sup [f(z)].

z€Q,|z|<R

Definition 4.1. We call tg a generic point with respect to K (at distance R from
0). A generic point tg p with respect to K (at distance R from { € K) is defined
by shifting.

Dwork-Robba’s generic points play a fundamental role in p-adic differential
equation theory: historically, their introduction has been the first attempt to fill
the gap left by the absence of a p-adic analytic continuation. In fact, the radius
of solutions at t¢ g is a sort of global invariant for the differential equation that
is equal to the radius of convergence of solutions at almost any point of the disk
D(&, R™) and allows for an estimate in the other points. From a more recent point
of view, one should think of generic points as points of a Berkovich analytic space.

Consider a g-difference system of order p with meromorphic coefficients over a
g-invariant disk D(&, p™):

(S)q Y (qz) = A(2)Y (z) , with A(z) € Gl,(Mp k).

As in the previous section (cf. (3.0.2)), for any R < p one can consider the formal
solution of (S), at t¢ g:

(4.1.1) Y(ter,x) = Z Gn[(tf,’R)(l‘ —te,r)gm € GlL(Q [z — lf&R]]q) .
n>0 q

Notice that since the system (S), is defined over K, the matrix A(z) cannot have
any poles in th& r and det A(z) cannot have any zeros in ¢"¢: it follows that
Y (te,r, x) is necessarily in G, (Q [z — t¢r],)-

Definition 4.2. We call generic radius of convergence of (S), at t¢ g the number

Gn(te,r) _1/">

[n];
Lemma 4.3. Let1 > R > |(1—¢q)&|. The generic radius of convergence x¢ r(4, q)
is invariant under meromorphic gauge transformation and

R|7Tq| .
sup (1, |G1(te,r))

Proof. The first assertion is proved in [DV02] 4.2.3] in the case { =0 and R = 1,
but the same proof applies to this case. The second assertion is immediately
deduced from the recursive relation satisfied by the G, (z)’s and (2.1.1)), since
limy, o0 |[n];|l/n = |mq|- U

n—oo

xe,r(A, q) = inf (R, lim inf

Xe,r(A,q) >



20 Lucia Di Vizio

Lemma 4.4. If A(x) is analytic over the disk D(&,p™) and p > xe,r(A4,q) >
|(1 —q)&|, then (S)q has a fundamental analytic solution over D(&, x¢ r(A,q)7).

Proof. Tt is enough to remark that

O

The theorems estimating the radius of convergence of Y (£, ) with respect to
x¢,r(A, q) are usually called transfer theorems: in the next chapter we will prove
a transfer theorem from a disk where an analytic solution exists to a contiguous
disk, where the system has only ordinary orbits. This result is a consequence of
the effective bound theorem. Chapters [1Il and IV are devoted to the proof of a
transfer theorem for regular singular disks.

4.5. The cyclic vector lemma and the g-analogue of the Dwork-Frobenius
theorem.

It may seem that calculating a generic radius of convergence is as difficult as
calculating a radius of convergence at points which are rational over K. This
is not completely true; in fact the generic radius of convergence is very easy to
calculate when it is small, using a g-difference equation associated to (S)4: it is
the g-analogue of the Dwork-Frobenius theorem [DGS94, VI, 2.1].

As in the differential world, a g¢-difference equation associated to Y (qz) =
A(x)Y (x), with A(x) € Gl,(Mp i), is constructed using a cyclic vector lemma
(cf. for instance [Sau00a, Annexe B] or [DV02, 1.3]), which states the existence of
a meromorphic matrix H(z) € Gl,(Mp k) such that

0

: -1
(4.5.1) Am=| o !

ag(x) | ai1(x)...ap—1(x)
Then y(x) is a solution of the g-difference equations
(4.5.2) y(g"z) = ap-1(2)y(¢"'x) — - = ag(x)y(z) = 0
if and only if
y(gx) y(x)
y(q*z) y(qz)

y(q.“w) y(q
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Consider the lower triangular gauge transformation matrix

(4.5.3)

1 (=1)i7 /4 iG=

() e
~ :L'Z — K2 _

= i with Qi 5 = 1 J @’

0 otherwise.

It follows from (1.2.4) that y(x) is a solution of the g-difference equations (4.5.2)
if and only if

dqy(z) y(z)
dgy(‘T) dqy(l‘)
: = YAH)]
diiy(z) dsy(z)
Moreover
0
L1

CﬂHH]: 0

Proposition 4.6. Let |1 —q| <1. If sup;—q 4 |bi(to,r)| > R'"* then

|7Tq| )
SUP;—q. 1 |bi(to,r)[*/ (=D

XO,R(A7 Q) =

Proof. Notice that it is enough to prove the statement for R = 1. In fact, the

general statement can be deduced by rescaling. Moreover, the proposition is proved

in [DV02, 4.3] in the case R =1, |1 — ¢q| < |7|, so we are only sketching the proof.
Let v € K be such that

Iyl = sup |b;(to,1)["/ D
=0, 1

and let

G= 0 and H =
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Then
0

: Ht—l
H'GH =AW(z) , with W(z)= | 0 '

bo(@) | bi(@)  bu—a(®)
TH yumlt oy

Notice that x(A4,q) = x(YW (z), q), hence we can calculate x (A4, q) iterating the
system d,Y =YW (2)Y. So we set Hi(z) = yW(z) and we define recursively the
family of ¢-difference systems d'Y = H,(x)Y. By induction over n one can prove
that |H,(to.1)| < |y|™ (cf. [DV02, 4.3]) and hence that x(A,q) > |m,y L.

The opposite inequality follows from the fact that the reduction of v~ H, (to1)
in the residue field is equal to the reduction of W (x)™, which has a non zero
eigenvalue in positive characteristic (cf. [DV02] 4.3]). O

I1. Effective bounds for ¢-difference systems

In this chapter we prove an effective bound theorem for g-difference systems: it
is the analogue of a theorem of Dwork and Robba (cf. [DRS(] for the proof in
the case of differential equations. The statement concerning differential systems
is proved for instance in [Bom8&1], [And89] and [DGS94]).

Let us explain the effective bound theorem for an analytic differential equations
of order one: the theorem is actually almost trivial in this case, but we can already
point out the differences with the g-difference version.

Let £ € A}, £ #0, and let u(z) be a meromorphic function over an open disk
of center ¢ and radius p > 0. For all R € (0, p), the multiplicative norm || ||¢(R)
(cf. §2) induces a norm over the field of meromorphic functions over D(£, p~). Let

L

— -1 >0.
1 (2)u(x)™ , Vvn >0

gn(z) =

The effective bound theorem for differential equation of order 1 states that for any
R € (0,p)

lgn(@)]le(R) < R™™ .

Of course this inequality is easy to prove, in fact

d"u 1
S @], @@
R (e () u(@) e (R)
R™™ .

lgn (2)]le(R)

INIA

The multiplicativity of || ||¢(R) is the key point of the inequalities above.
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Let us consider a meromorphic g-difference system: its solutions may be mero-
morphic over a non-connected analytic domain (as the one considered in (3.7.1))).
Therefore a natural analogue of || ||¢(R) would be a sup-norm over a non-connected
domain, which is necessarily non-multiplicative. In particular |[u(x)~!||¢(R) could
be greater than ||u(z)||¢(R)™!. In other words, the assumption of having a solution
matrix (analytic or meromorphic) over an g-invariant disk cannot be avoided.

5. Effective bound theorem for ¢-difference systems.

Let D = D(&,p~) be an open disk of center £ € Al and Mp be the field of
meromorphic functions over D. For any R € (0, p) the norm || ||¢(R) extends from
Ap to Mp by multiplicativity. For any f(x) € Mp one usually sets:

1F(@)lle,p = Lim [[f(2)lle(R) -
—p
This limit may be not bounded, but respects multiplication of functions, as well
as || [|¢(R).

We suppose that D is g-invariant and we consider Y (z) € Gl,(Mp). Then
Y () is solution of the g-difference systems defined by

Gp(x) = dZY(x)Y(x)_l , Vn > 0.

Obviously the entries of G,,(x) are meromorphic functions over D.

Theorem 5.1.
Gn(x) A\ 1
< -1 (s 16, ') o
H [n}lq &p P 1=0,...,u—1 &P pr
where
1, if n=0,
1w — 1
{n,p =11 sup otherwise.

1< < <Apa<nnez |[Mlg - Pumalgl

One can also consider a matrix Y (z) analytic over a g-invariant disk around
te. r, with coefficients in Q (cf. §4)), and assume that it is solution of a g-difference
system (S), defined over K. Then:

Corollary 5.2.

[l

1
xe.r(A @)™

s{n,u—l}g(, sup Gz-(tg,Rnxf,R(A,q)i)

=0,...,u—1

The proof of theorem [5.11 (cf. (5.5) below) follows the proof of the Dwork-
Robba theorem concerning the effective bounds for p-adic differential systems. As
in the differential case, it relies on the analogous result for ¢-difference equations.
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5.3. Effective bounds for ¢-difference equations.

We consider @ = (uy,...,u,) € MY, with p € Z, p > 1, such that uy,...,u, are
linearly independent over the field of constants K of Mp. By the g-analogue of
the Wronskian lemma (cf. [Sau00Oa, Appendice] or [DV02) §1.2]) this is equivalent
to supposing that the ¢-Wronskian matrix

dul (ég)) - duu(ﬂz))
T L
ditug () . dE Ty (x)

is in Gl,(Mp).
We consider the g-difference equationsdefined by

dpd = gn(x)Wy(a@) , where g, € M’ and n > 0.

Lemma 5.4.

—

n

(5.4.1) ’ Tl

1
&P P

Proof. By extending K, we can find o € K such that |a| = p. If we set y = ax
and ( = a&, we are reduced to proving the lemma for p = 1.

So we suppose p = 1 and we prove the lemma by induction on . For p =1
and any R € ((¢ — 1)§,1) we have (cf. (2.1.1)))

(R)s’

dgul . i
[l Tl <~”C>H£ (R)llus(2) "M e(R) < 7 -

Letting R — 1, we obtain (5.4.1)).
Let > 1. For n = 0 the inequality is trivial, so let n > 0. We set:

a=(ur,...,ups1) =u(l,7) € M%H , where u =y and 7 = (71,...,7,) € M.
The idea of the proof is to apply the inductive hypothesis to d,7. We know that
the vector h,, € MY, defined for any n > 0 by

d; (dgT) = hn(2)Wq (dgT)
satisfies the inequality
hn
[n];

!
q

(5.4.2) <{n,p—1}7.

&1
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Notice that h,, and g verify the relation

(5.4.3)
Iy, @) = i = 20 (u(1,7)
]y [l [l
di - dg g o L ﬁ -

while W, (%) and Wy (d,T) satisfy

W, (@) = W, (u(1,7)) = uP <(1) W, (Zﬁ)) ,

where
u(x) 0 0 e 0
dqu(z) u(qx) 0 :
1 .
P= m @)qdéu(x) (f)qdqu(qx) u(q?x) - 0
: : : o0
() deute) () ditular) (2) di-2ule®e) - ulge)
Since H d“ Y (qim)u(x)_le < 1 and Hu(qiaﬁ)u(x)_ngl = 1, we have
1 ’
[|1P]le,x = || det Pll¢q =1 and hence ||P~!|¢1 < 1. This implies that
Gty (5w i) WD =P e <
0 W,(d,T) £l

We obtain the desired inequality by combining (5.4.2)), (5.4.3) and (5.4.4):

G hi_
g—, sup 1, ]—,1
[n];z 1 j=1,...,n [J]?z £1
1
< sSup L= {]_17M_1}1q7
j=1l...n [7lq &1

5.5. Proof of theorem 5.1

We recall that we are given a matrix Y (z) € Gl,(Mp) meromorphic over a g¢-
invariant open disk D and that we have set

Gn(z) = dZY(:r)Y(x)_l € Muxu(Mp) .
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We want to prove that
5

[n]g

1
pin .

<=1 (_sw_ G, o)

&p i=0,0pt

First of all we observe that:

1) as in the case of g-difference equations it is enough to prove the inequality for
p=1

2) it is enough to prove the inequality above for the first row of Gy, (z).

So we suppose p = 1 and we call @ = (uy,...,u,) € M¥ the first row of Y (z).
Let k < p be the rank of Wy (%) and let E € G1,(K) be such that

@E = (%,0) , with £€ M¥% and 0= (0,...,0) .
N——
X (n—k)

By (5.4) the vectors h,,, defined by
dy(Z) = haWy(Z) , for any n € Zso,

satisfy the inequality
B

[l

< {nnu - 1};]) .
§1

Moreover the g-wronskian W, (2) satisfies
E= (Wq(i),g) € kau(MD) .

In order to deduce an estimate of G[z](fr) from the above estimate of [Z—]". we need
q q

L‘? TN Hin
to express pir (@) in terms of O

R o S AP SR S B B
mL Y T M T O T g Y T | '
dé1g

Since E € Gl,(K), we obtain

(ﬁrst row of G[:lf)) Y(z) = 2 (a) = fin ok
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and hence we deduce that

0
G, - dqu
‘ first row of ('a:) [ZT'! ! Y(z) !
[n]q €1 allg,1 . : .
dg ' u 1
<{n,pu—1}1 ( Osup ) |Ifirst row of Gi(ac)||§’1> .
This completes the proof. O

6. Some consequences: a transfer theorem in ordinary disks
and a corollary about g-deformations.

6.1. Transfer theorem in ordinary disks

As in p-adic differential equation theory, the following transfer result follows from
the effective bound theorem:

Corollary 6.2. Let G(z) € M,x,(Mp, ,-)). We suppose that the g-difference

system d,Y (z) = G(x)Y (z) has a meromorphic fundamental solution over the

g-invariant disk D(§,n~), with n < p, and that there exists a point { such that

- ‘6 - <| =1

- G(x) is analytic over D(¢,n™).
Then dgY (z) = G(z)Y (z) has an analytic solution in D(¢,n™).

Proof. Let dyY (z) = Gy (x)Y (z) for any non-negative integer n. By the previous

theorem we have

q L

pnn ’

&m

where C is a constant depending only on G(z) and 1. The point ¢, is also a
generic point at distance n from ¢, hence

‘Gn(C) ’Gn(té,n)
[l 5

Let » be the smallest positive integer such that |1 — ¢*| < |x| and let p» be the
greatest integer power of p smaller or equal to n. Then we have

‘ Gn(té./r])

[n];

158

[nlg

<

R N (7 ) R (o W) R [ M

We conclude by applying (1.4), since

‘Gn(C)
]}

1/n
< 7~ lim sup n(ufl)/nH,i]qr(ufl)/n =n'.

n—oo

lim sup

n—oo




28 Lucia Di Vizio

6.3. Effective bounds and ¢-deformation of p-adic differential equations

Let g € K, k € N, be a sequence such that ¢, — 1 when & — oo and G®¥)(z) a
sequence of square matrix of order p whose entries are analytic bounded functions
over an open disk D of center ¢ and radius p, with |¢] < p < 1. By rescaling, we
can assume that D = D(&,17) and |¢] < 1. Suppose that the sequence of matrices
G®*)(x) tends to a matrix G(x) uniformly over any D(¢,nt) C D. Then we say
that the family of systems

(S dy, Y (2) = GV (2)Y (2)

qk

is a g-deformation of the differential system

ay
(@) = G@)Y (@) -

Let G%k)(ac) and G, (z), for n > 0, be the matrices respectively defined by
"y

dx™

(S)

dy Y (x) = G™ (2)Y () and

(2) = Gp(2)Y (z) .

Lemma 6.4. Let ¢ € Ry and 7 be a positive integer. There exists k >> 0,
depending on € and n, such that, if

|G(x) — G®)(z)||eq < &, for any k > E,
then

|Gr(z) — G (2)||e1 < &, for any k > k and any 1 <n < 7.

Proof. Let k be a positive integer such that

n
1= gelsup (1 1G1(2) 1) <
for all k > k. By assumption, ||G(z) — G®)(z)||¢1 < e. Suppose
IG5 (@) = Gu(@)]len < e,

for # > n > 1. Then by (2.2), for any k > k, we have

Moreover G%k)(m) are analytic bounded function over D(£,17), hence

<e.
&1

dyp, G (2) = ——Gu(a)

A

[P @) —af @) < n-ad]e@)

IN

1= alsup (2 Ga (@)l
1= gelsup (1, G () | 1)

g .

VASVAN
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Finally

1GE), (@) = Gy (@) |e

= |6l @6 @) - du G (@) — Gr(@)Gn(a) + #Cua)|

£,1
< s ([ 6@ - Gi@e @ e @E e - aPan]
|1 @GP (@) — Gal@))| oy oG5 () - %G"@)Hm)
< €
O

Proposition 6.5. Under the assumption above we have:

1) For any k >> 0 the gj,-difference system d,, Y (z) = G*) ()Y (z) has an analytic
fundamental solution Y *)(x) over a disk D(&,m;,) € D, verifying Y(¥)(¢) = I,,.
Moreover, liminfy_, o, g > 0.

2) Let 7 = liminfy_,oo m%. Then Y *)(z) tends pointwise over D(£,77) to a fun-
damental solution Y (x) of %g(f) = G(x)Y (). Moreover Y ¥)(z) tends uniformly
to Y (z) over D(&,(n')7), for any 0 < n’ <.

Proof.

1) By (3.1) the system (S);, has a formal solution of the form

(k)

n>0 [ ]qk

We set
k 1/n
n ' = limsup i )(E)

Since G¥) () converges uniformly to G(z) over any closed disk contained in D,
there exists a real positive constant C' such that

[P @], ) < sup (1 60 @) ()" < "

for any k >> 0. Therefore for k& >> 0 we have n, > |r,|/C~! > |r|C~!. It
follows that, for & >> 0, liminfj, o, g > |7|C~1 > |(1 — qx)€&|. Hence the matrix
Y ®) (¢, x) is the g-expansion of an analytic fundamental solution of dg, Y (x) =
G (2)Y (x).

2) The proof of the second assertion follows faithfully the proof of [DGS94, IV,
5.4]. Let n;, be the radius of convergence of Y(¥)(¢ x). Letting k — oo in the
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effective bound estimate

(k) .
Gn_(€) <{n,u-— 1}q" Ck el where C), = sup HG H M >
[n]qk My 0,...,u—1 &k

we obtain (cf. [DGS94, TV, 3.1])

Gn(§) 1 i
< — _ = .

’ | S {n,p l}pC’nn , where C i:()?.l.l.l,)u—l 1Gi(@)ll¢,,n"

1, if n=0,

_ — 1
and {n,pn — 1}, { sup ———  otherwise.
1< <A1 <n AL A ]

This proves that the solution Y (€, x) of (S)q at & converges over D(§,n7).
As far as the uniform convergence is concerned, notice that for any R € (0,7)
and € > 0 there exist 7, k € N such that for any n > 7 and any k > k we have:

G0, =ty (2) <om (£) <
and
HG;;(!O (x=8" . (R) < C{n,pn—1}, (];)" < Cntt <177{)" <e.

By considering a bigger k, we deduce from (6.4) that for any k& > k we have also

n (k) n
i e K

(k)
< sw ﬁz]!(§)<x—g>qk,n—G;ﬁg’m—g)" (B <

Finally we obtain the uniform convergence over any D(§, R™):

[V (& 2) = Y® (&) (R

(k) "
< a3 E !(@ (0= Oan = 3. 8 —op|l (R),
n=0 [ ]‘Jk n=0 n: 3
(k)
sup G[n],(g) (= &)gpn — Gn('ﬁ) (x—&)" (R)> <e.
n>n n an n: ¢
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IT1. Weak Frobenius structure over a disk

Warning. In chapters Il and IV we will assume that |1 — q| < |7| = |mg|: this
implies that for any integer n we have

|1 —¢"| = |logq"| = |n||logq| = n||1 — ¢ .

Moreover throughout all of chapters![1] and [V we will consider only q-difference
systems over D = D(0,17), therefore we will suppress everywhere the index %1 ”:

so we will write t fortoq1, || || for || llo,1, x(4,q) for x01(A,q) and so on.

In this chapter we study the action of the Frobenius map = — a:pé, l € Zwy,
on ¢-difference systems. Namely, following [Chr84], under convenient assumptions,
we will construct a matrix H(x), depending on the g-difference system Y (qz) =

A(x)Y (x), such that Ajgj(x) is a function of 2?". This means that
Y(gr) = A (2)Y (x)

is actually a qu—difference system in the variable 2P". The interest of such a
construction is that it changes the generic radius of convergence. In fact,

XA (), %) = x(A(x), g)*'

The original Christol theorem in [Chr84] for p-adic differential equation, as well
as its generalization to differential modules over an annulus, due to Christol-Dwork
[CD94], is an irreplaceable tool: we think that the theorem above is destined to
play an analogous role for g-difference equations.

7. Frobenius action on ¢-difference systems.

Until now we have worked with analytic and meromorphic functions: in the next
sections we will restrict our attention to analytic elements. An introduction to the
theory of analytic elements can be found for instance in [Rob00, §6, 4]. We briefly
recall the definition:

Definition 7.1. The ring Ey of the analytic elements on the disk D(0,17) (de-
fined over K) is the completion of the subring of K (x) of all rational functions not
having poles in D(0,17) with respect to the norm || ||.

We denote by Ej, its quotient field.

Remark 7.2.

1) Of course one can define analytic elements over any disk, but in this chapter we
will deal with disks centered at 0. Therefore, by rescaling, we will always consider
analytic elements over D(0,17).

2) In the sequel we will essentially use two properties of analytic elements, namely:
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e By taking Taylor expansion at zero, one can identify analytic elements with
bounded analytic functions over D(0,17): this ring embedding is an isometry
with respect to || ||

e Any eclement of Ey has a finite number of zeros in D(0,17) (cf. [DGS94,
IV, 5.2]), hence any element of E| has a finite number of zeros and poles in
D(0,17).

The following theorem concerns a class 'Hg, { € Z~q, of g-difference systems

Y (qx) = A(z)Y (x) satisfying the properties:

A(z) € Gl (Ep);

A(x) is analytic at 0 and A(0) € Gi,(K);

. Y(gx) = A(2)Y (z) has at worst apparent singularities in D(0,17) ~ {0};

—_

Ll O

1
X(A,q) > ||
We will say that a system in Hg is in normal form if moreover it satisfies the

conditions 1 through 3 of the following proposition (cf. §8 for the proof):

Proposition 7.3. Let Y (qz) = A(z)Y(x) be in M. Then there exists U €
Gl,(K(x)) such that the g-difference system associated to Apy(z) is in Hg and
moreover:

1. A[U] (QIJ) S Gl#(Eo),
2. any two eigenvalues A1, Ao of Apy)(0) satisfy either A\; = Xy or Ay & Xog?;

< pl_e.

3. any eigenvalue \ of Aj1(0) satisfies ‘%
Finally we are able to state the main theorem:

Theorem 7.4. Let us consider a g-difference system in ’Hg in its normal form
Y(gz) = A(x)Y () .

Then there exists a matrix H(z) € Gl,(E}) N M, x,(Eo) such that

(7.4.1) H(0) € Gl,(K) and |H(0)| = |H(0)™| = 1;

(7.4.2) Apy(w) = F(a?);

(7.4.3) the eigenvalues of A(0) and F(0) coincide.

Moreover the qpe-diﬁ”erence system V(qpeX) =F(X)V(X), with X = x”g, has the
following properties:

(7.4.4) X(F,q"") = x(A, q)"";
(7.4.5) F(X) € Gl (Ep).

Remark 7.5. It follows from §3| that the matrix A(x) € GI,(E}) of a ¢g-difference
system Y (gz) = A(x)Y (z), having only ordinary g-orbits in D(0,17) \ {0} and a
regular singularity at 0 (cf. Appendix [B), is necessarily an element of Gi,(Ep).
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The proof of the above theorem, which follows the proof of Christol [Chr84], is
the goal of §9.

8. Normal form for a system in Hf;.

Proposition 7.3 is a consequence of the following lemma:

Lemma 8.1. If x(4,q) > |7r\p“+1, then for any eigenvalue A of A(0) we have:
dist(\, ¢™) = ing AN —q* <p*g—1],
oLy

where ¢, for o € Zy, is defined as the sum of the binomial series

a:Za(a_l)"'(a_n+1)(q_1)n.

4 n!

n>0
In fact:

Proof of (7.3). There exists a shearing transformation Uy(x) with coefficients
in K [:1:, %], (cf. Appendix Bl in particular (I7.3))) such that the eigenvalues of
Ajv,1(0) are the eigenvalues of A(0), multiplied by chosen powers of q. Hence by
the previous lemma we can assume that any two eigenvalues A1, Aa of Ajy,1(0)

satisfy the conditions:

1) either A\; = Ay or Ay & Aag?;
A —1
q—1

1-¢

2)

Then by (3.11) there exists a matrix Us(z), with coefficients in K (z) and analytic
at 0, such that Aqp,y,j(z) has only ordinary orbits in D ~ {0}.

Since Ay, v,)(z) is analytic at 0 and Y (gz) = Ajy,u,1(2)Y (v) has only ordinary
orbits in D~ {0}, we conclude that Ay, u,)(z) € GI,(Ep). Moreover the eigenvalues
of A,1(0) and Ajy,u,1(0) coincide, since U(0) € GI,(K). Therefore it is enough
to set U(x) = Us(x)U;(z) to finish the proof. O

Let us prove lemma 8.1k

Proof of (8.1). Consider the sequence of g-difference systems
dn

(8.1.1) ﬁY(x) =Gp(2)Y(x) , for all n >0,

!

q
obtained iterating
(S)q Y(gz) = A(z)Y (x).
Then
Gi(z) = 140~ L, + higher order terms.
r q-—1
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By (1.2.4) and (1.1.2)), this formula generalizes to any n > 1 in the following way:

_n(n-1)

> (A(0) — 1) (A(0) —q) -~ (A(0) —g¢" ")

_ 4 o
(8.1.2) Gn(z) = o (=@ =) (=1 + h.o.t.
We set
=~ (A0) = 1) (A(0) —q)--- (A(0) —¢" 1)
Since
Go| < 2" Gn(@)]|

the series g(x) = >_,, 5, Gna™ converges for |z < y(A,q), with x(4, q) > |7r|zo’f#*1
Let C € Gl,(K) be a constant matrix such that C~*A(0)C is a matrix in the
Jordan normal form, then
C—1) (CTAO)C —q)--- (CTTA()C —¢" ") ,,

N G
CTlole)C =2, (=D -1 @ =1 ’

Hence we conclude that the eigenvalues of A(0) satisfy the desired inequality by
applying the following result:

Lemma 8.2. Let A € K and let A(z) =}, Apx", with

A=A —q)- (A=q")

"o a-)(@ 1) (¢" 1)

Then:

1) The series A(x) converges for |z| < 1 if and only if A € ¢*», i.e. if and only if
dist(\, ¢%») = 0.

2) If dist(\, ¢%») = |p|**+¢|q — 1|, with k € Z>¢ and ¢ € [0,1), then A(z) converges

1
3) If the series A(x) converges for |x| < |r|»* ", then dist(\, ¢%») < p'~¥|q — 1|.

Proof.

1) Let o € Z,, be such that A = ¢®. If ny, is a sequence of integers such that n, — «a,
then the binomial series " tends uniformly to z® over any closed disk D(1, RT),
with R < 1 (cf. [DGS94) IV, 5.4 and IV, §7]). Hence, since |¢" — 1] < |¢—1| < |7]
for any n € Z, by the density of Z in Z,, we have also [¢*~" — 1| < |r|. We deduce
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from the p-adic properties of logarithm that

ol (=1 (¢¢gt=1)---(¢™¢" " —1)
" (¢—1(?~1)--(¢"—1)
(8.2.1) _ |logg*[[log(q*q~*)|---|log(q*q' ™)
| log q|™|n!|
1 |logq®||logq® log ¢*
- —1]--- —(n=1)] .
In!| | logq || loggq log ¢ (n=1)

Since log ¢™ = nlogq for any n and Z is dense in Z,, one verifies that lffgq; = a.

We conclude that the radius of convergence of A(x) is equal to the radius of
convergence of the binomial series ) - (‘;)x", hence is equal to 1 [DGS94, IV,
7.5]. -

Let us prove the opposite implication. Remark that

Hence if %‘ > 1 we have

"
n!|

A—1
-]
q

and the radius of convergence of A(x) would be ‘7‘(%‘ < 1. We conclude that
A(z) convergent for |z| < 1 implies |A — 1| < |¢ — 1| < |7|. Suppose that A(z) is
convergent for |z| < 1. As in (8.2.1) we obtain:

log A

Aol = —
Al log g

|

log A
logq

log A _q
log q

-1

_ log X . . log A/ log q\ ,.n
We conclude that o = 757 € Z; since the series >0 (8N P8 9) 2™ converges

for |z| < 1 [DGS94, TV, 7.5]. Then log A = log ¢, with [\ — 1|, |¢* — 1] < |x|, and
therefore

A =explog A = explog ¢® = ¢*

2) Since Z,, is compact there exists a € Z, such that |A\ — ¢®| = |¢ — 1||p|**¢. Let
s be a nonnegative integer such that |¢® — ¢%| < |¢ — 1||p/¥*%; then |\ — ¢°| =
lg — 1]|p|**e = dist()\, ¢*#). Hence we can choose a = s € Z>o.

Let us suppose s = 0. Then for any m € Z we have:

’/\qm“)\l g™ —1

- A—1
q—1 qg—1 qg—1 |~

qg—1
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We obtain the estimate (cf. for instance [BCI2bh, 2.2] or [DGS94, IV, 7.3] for the
analogous classical estimate):

ordy (i) = 3 (1 + [n& 1D e [Z':] ) d(n> |

i=1
with

A-1 —_ _ —_

q-1 :iu ufl u,n+1 .

n nlg—1\¢g—1 q—1
Since |[n];| = |n!|, the radius of convergence of A(z) is the same as the radius

- (e _1_
of convergence of the binomial series ) -, (%)m", namely pr"“(” =) (see
[BCI2b, 2.2] or [DGS94, TV, 7.3] for the explicit calculation).
3) If A € ¢%» the assertion follows immediately from 1), hence it is enough to

consider the case A & ¢%». Moreover, if ‘%‘ > 1 the series A(x) has radius of

1
convergence ‘ﬂ'%’ < |m|»*T, therefore A necessarily satisfies dist(\, ¢%») < |g—1|.
Let

dist(, ¢%») ')\ -1
lg —1] q—1
with k € Z>¢ and ¢ € [0,1). We finish the proof by observing that |7r\v£%1 <

p (5=77) implies that £—1 < ke (cf. again [BCI2E, 2.2] or [DGSIA, TV, 7.3]).
Finally if s > 0, then for any n > s we have:
(@ A=1) (@ A=q) - (¢°A—=¢"*")
(¢—1)(*—=1)---(¢g" 571 = 1)

By taking ¢7°\ instead of A\, we reduce to the case s = 0. O

‘ = |p|"*e,

An = As

9. Proof of (7.4).

The proof of (7.4) is divided into two steps:

Step 1: construction of the matrix H(x) and the proof of (7.4.1).
Step 2: proof of (7.4.2) through (7.4.5)).

They are handled respectively in (9.1) and (9.2).

9.1. Construction of the matrix H(z) and proof of (7.4.1)).

By assumption (cf. (8.1.1) for notation) the solution Y'(§,z) = >_, 50 Gn(§)(z —
&)gn of Y(qz) = A(z)Y (x) is defined for any £ € (D(0,17) ~ {0}) UD(¢,17) and
converges for | — &| < x(4, q). We set:

Z Y(z,C(x) = ]% Z Gn(z)x" Z (C=Dgn -

pl—1 n>0 ¢crt=1

1
oLy  H@ =
¢



Introduction to p-adic g-difference equations 37
Since Gp(z)z™ € My« (Ep), with
lim inf |G, (z)2" | ~/" = x(4, q),
n—oo
and
(C=Dgml = JIK-1+1-¢]
1=0

[T sup (I =1, fil[1 — ql)
ZZO n
< frle <x(4, 97

IN

the matrix H(z) is a well-defined element of M, x,(Eo) and it makes sense to
evaluate H(x) at 0.

The constant term of G, (z)a™ is equal to ¢~ Ao Gn (cf. (81.3)). Hence we
have

H(0) = ; S8 Y (- Dy

n>0 ¢rt=1

By (8.2), H(0) converges in K. Since (cf. [DGS94, IV, 7.3])

Y (%)(Cl)”h

n20¢pf=y

and

1 n(n—1) ~ G
HO-LI=| Y ¥ <q-<2 G(C = Dy (%)(c—w) <1,
"ZOCl’Zzl

we conclude that |[H(0)| = 1. This also proves that H(0) has an inverse, which
has norm 1.

9.2. The matrix H(z) satisfies (7.4.2) through (7.4.5).

By assumption the solution Y (¢, z) converges for |z —t| < x (A4, q). It follows from
[IDGS94, VI, §6] that the matrix

V(z) = pi S Yit,2)

zP =z
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is analytic over the disk D(tpe,x(A, q)pe). The formula (3.2.1) implies that

V(") =

Hence the matrix

satisfies (7.4.2). In fact,

F(z?') = <qpxp>V< )

Then (7.4.3) follows from (7.4.1).

Let X = 27", Then V(X) is solution to
V(g X) = F(X)V(X) .

Since V(X) is analytic around " and V(tpe) = H(t), the generic radius x(F, qu)
at 17" coincides with the radius of convergence of H (t)~'V(X). Hence

X(F,q"") = x(4,¢)"

Finally let £ € D(0,17), £ # 0. Similar calculations to the ones we have worked out
for V(z) shows that an analytic fundamental solution of V(quX) = F(X)V(X)
at f”[ is given by

]% YY),

2ot =gt

Since
D(0,17) — D(0,17)
¢ — ¢

is a bijective map, this proves (7.4.5)).
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IV. Transfer theorems in regular singular disks

In §6 we have seen how the generic radius of convergence is linked to the radius
of convergence of analytic solutions at ordinary g-orbits. By (3.11) we are able
to deduce estimates also for the radius of meromorphy of solutions at apparent
and trivial singularities. In this chapter we are going to consider a g¢-difference
system having a regular singularity at 0 (cf. Appendix Bl for a summary of basic
properties of regular singular g-difference equations). In particular we are going to
prove a g-difference version of the Christol-André-Baldassarri-Chiarellotto theorem
(cf. |[Chr84], [And8&7], [BC92a] and [BCI2D]).

10. An analogue of Christol’s theorem.

A g-difference system
Y(qr) = A(x)Y ()

with coefficients in Ej) is regular singular at 0 if it is regular singular regarded
as a g-difference system with coefficients in the field K((z)) via the canonical
immersion E{ — K((z)), i.e. if there exists U(z) € GI,(K((x))) such that
A(@) € Gl (K [a]).

Let r(U(z)) be the radius of convergence of the matrix U (z), for N large
enough to have 2NU(z) € GI,(K [z]). Very similarly to the differential case,
the theorem below establishes an estimate of r(U(x)) with respect to the generic
radius of convergence and a certain number attached to the eigenvalues of Ay)(0):

Definition 10.1. We call the g-type of a € K, and we write type, (), the radius
of convergence of

1—
Z ﬁx".

n>0,a7#q"

Remark 10.2. In the p-adic theory of differential equations one calls the type of
a number a € K the radius of convergence type(«) of the series
xn
> o

n>0,n#a

The definition above is an analogue of this notion (see Appendix [C| §19. for an
estimate of the g-type in terms of the classical type and some general properties
of the ¢-type).

The following is a g-analogue of Christol theorem [Chr84]. It is a transfer theorem
for g-difference systems Y (qz) = A(x)Y (z) such that x(4,¢) = 1. Statements
concerning the general situation can be found in §13.

Theorem 10.3. Let us consider a system Y (qx) = A(z)Y (z) such that
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1) A(z) € Gl,(Ep);
2) the system Y (qz) = A(x)Y (x) has only apparent singularities in D(0,17)>{0};

3) the system Y (qx) = A(z)Y (x) has a regular singularity at 0, i.e. there exists
U(z) € Gl (K((x))) such that Ajy) € My, (K);

4) x(A,q) = 1.
Then
(10.3.1) r(U(z)) > [[ type, (87

where the product is taken over all the (ordered) couples of eigenvalues a, 3 of
A[U].

The proof of this theorem, as for the Christol-André-Baldassarri-Chiarellotto
theorem, which inspired it, relies on the existence of the weak Frobenius structure
and it is quite long. Sections §11/and §12 are devoted to the proof of some prelim-
inary estimates of 7(U(z)). As a corollary, in §13 we prove the transfer theorem
10.3! plus some more general statements, without any assumption on X(A, q).

11. A first rough estimate.
In this section we prove a first estimate, which is not very sharp, but crucial for
the proof of (10.3)):
Proposition 11.1. Let Y(qz) = A(z)Y () be a system such that
1) A(z) € Gl (Eop);
2) the system Y (qx) = A(x)Y (z) has only ordinary g-orbits in D(0,17)>{0};
3) any two eigenvalues a, 3 of A(0) satisfy either a = 3 or a3~ & ¢*.
Then the matrix U(x) € Gl,(K [z]) satistying Aj(x) = A(0) is such that

r(U(x)) > inf (7], (A, )" |det A0)[" 11 type, (87" .
a,B e.v. of A(0)

Remark 11.2. Observe that under the assumption of the proposition above, the
matrix U(x) always exists (cf. Appendix B} (17.2))).

Proof. The proof is divided into two steps:
Step 1. One can assume that Y (qx) = A(x)Y (z) satisfies

= sup (17 X(';lr,| q)) '

(11.2.1) H’H




Introduction to p-adic ¢-difference equations 41

Let us set x = x(4,q) to simplify notation. By the cyclic vector lemma there
exists a matrix Hy(z) € GI,(Ep) such that the matrix Ajg,)(z) is in the form

0
: I_
Ap@) = |0 1
ag(x) | ai1(x)...ap—1(x)

An analogue of Fuchs’ theory for g¢-difference equation (cf. Appendix Bl §I8)
assures that Ay,j(7) is analytic at 0 and Ajg,)(0) is an invertible constant matrix.

Consider the matrix H:

: o) s

H = (a;;), im0, 1 s With ag; =
0 otherwise.
Then we have (cf. (1.2.5)))
A5 x)—1
oG — iy (@) = L
[HHl] q _ 1
b ( bu-1(x)

Remark that 2G5, 1s analytic at 0 and A[HH (0) € Gl (K), since Ajg,j(x) has
the same properties.
By proposition 4.0} if x > |x|, then

|Gl <1

On the other hand, if x < |7|, we immediately deduce from (4.3)) and (4.6)) that

||
)Hl/(u—i) ’

sup; ||b;(z
Since K is algebraically closed, we can find v € K such that

Iy| = sup [|b ()| *~

then an explicit calculation shows that the diagonal gauge transformation matrix

1

/v
Hy =

1/y#1
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satisfies

il

X

We set H(x) = HH,(z) if x > |n| and H(z) = HyHH,(z) otherwise. In both
cases H(z) € Gl,(Ep), Aig)(x) is analytic at 0 with Ag)(0) € GI,(K), since
A[HHl](x) has the same properties, and

HG[HQHHI](@H <

|G (2)]] < sup (1, |7TX|) .

We proceed as in (7.3): applying successively a unimodular shearing transforma-
tion Hy(z) € Gl, (K [ac, ﬂ), constructed as in (17.3), and a unimodular gauge

transformation Hs(z) € Gl,(K(x)), constructed as in (3.11) to remove apparent
singularities, we obtain a matrix Az, g, ) (2) satisfying hypothesis 1), 2) and 3)
H A[H4H3H] ('7;) - HM

plus the inequality:
|7T|>
< sup (17 —
(¢—1)z X

Set Q(z) = Hy(w)Hz(x)H (x) and B(x) = Ajg)(x). One observes that

- since both A(x) and B(xz) satisfy hypothesis 1) and 2), necessarily Q(z) and
Q(x)~! have no poles in D(0,17) \ {0};

- B[UQ—I](I) = A(O)

Once again there exists a shearing transformation P(z) € Gl,, (K [z, 1]) such that
B(0) = Bipyg-1)(x). Moreover PUQ™" has its coefficients in K((x)). Set V =
PUQ™!. Then the g-difference system Y (qz) = B(z)Y () satisfies conditions 1)
through 3), with By)(z) = B(0), plus the inequality (I1.2.T). Since r(V) = r(U),
we conclude that it is enough to prove the proposition assuming (11.2.1)).

Step 2. Proof of (11.1) assuming (11.2.1]).
Let us set

U(x) = Uy + Urz + Upz® + ...
and

A(x) = Ao+ Ajz + Asx® + ... .

Of course one can suppose Uy = I,,. By assumption we have U(qz)A(z) = AgU (z).
Hence a direct calculation shows that

qumAO - AOUm = AlUm—l + A2Um—2 +oF Am .
Consider the K-linear map

DPym 4, MuXu(K) - MMXM(K)
(11.2.2)
M +— quAO — AoM
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Observe that the eigenvalues of ®,m 4, are precisely of the form ¢"a — 3, where
o, B are any two eigenvalues of Ay. Therefore the operator ®;m 4, is invertible by
hypothesis 3), which means that

Um = (Diﬂ{ Ao (AlUmfl + A2Um72 + -+ Am) .

We need to calculate the norm of @, qm A, @ a K-linear operator. Since ®ym a,(M) =

g™ M(Ay —1I,) — M(g™I, — Ag) and
,1) <|g — 1| sup (W,l) ,
X

we conclude that
2
2 " -1
‘ o _ lladj®qm 4, |l < lg — 1|*" " sup (‘%" 1)
||det qu,AO” - H(X7ﬁ e.v. Of A(] |qma75|

Recursively we obtain the estimate

Hq)q_i’AOH <sup|Ai>( sup |Uz|)
i>1 i=1,..,m—1

H 25, 14G) — B

() =1,

lA(z) = L]l < lg = 1]sup (H (q— L)z

—1
q™,Ao

Un|

IN

IN

bup(‘7T| 1)H2m H H 1—qmap™" B .

| det Ag|rm 1—g¢q

a,p e.v. of Ayi=1

We deduce from (20.2)) that

r(U(z)) = liminf |Um\_# > inf (|7 ,X)”2 | det Ag|* thpeq(aﬂfl) .
a,B
O

For further reference, we point out that the Step 1 above is actually a proof of
the following statement:

Lemma 11.3. Let Y(qz) = A(z)Y (x) be a g-difference equation, with A(z) €
Gl,(E}), having only apparent singularities in D(0,17 )\ {0} and a regular singu-
larity at 0. We suppose that there exists U(x) € Gl,(K((x))) satisfying Ajy(z) €
Gl,(K). Then there exists a gauge transformation matrix H(x) € Gl,(Ej) such
that:

1) A[H](.’E) S GZH(E()),'
2) any two eigenvalue «, 3 of Ajy1(0) are either equal or af~t & ¢%;

3) r(U(z)) = r(H(2)U(z)) .
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12. A sharper estimate.

In this section we are going to the deduce from (L1.1) a sharper estimate for g-
difference system in HS (cf. (7.3)), relying on the existence of the weak Frobenius
structure.

Proposition 12.1. Let Y (qz) = A(z)Y (z) be a g-difference system in H} in its
. The matrix U(z) € Gl,(K [z]) such that

normal form and let x(A,q) > || s
A = A(0) satisfies the inequality

r(U(x)) > inf (|7r| L x(A q))u |det A(0)|pi’~’ H type, (aﬁ_l) .
a,8 e.v. of A(0)

Proof. By theorem [7.4/stating the existence of the weak Frobenius structure, there
exists a matrix H(x) € Gl,(E{) N M, (Eo) such that:

1) H(0) € Gl,(K) and [H(0)| = |[H(0)™| = 1;

u)(x) = F(a?);

the elgenvalueb of A(0) and F(0) coincide;

2

)
) A
3)
4) the qp -system V(qp X)=F(X)V(X), with X = x”z, has only ordinary g-orbits
in D(0,17) ~\ {0};

5) X(F,¢"") = x(A,q)”"

By (I7.2) there exists V(X) € Gl,(K [X]) such that Fjy(X) = F(0). On the
other hand we have also Fiyg- 1]( x) = A(0). It follows from (I7.4) that there
exists a shearing transformation Q(z) € G, (K [ac 11 such that Q(z)U(z) =
V(z)H (x). Hence r(U(z)) =r(V(x)) T(V(X))pf .

By (11.1) we have

r(V(X) z inf (|7l x(4,07 )" [det O T]  type,e (a8

a,B e.v. of F(0)
and hence
. 1 ILZ o Lz
r(U(z)) > inf (|7T|PZ ,X(A,q)) |det A(0)|»* H type, ¢ (ap™)»
a,B e.v. of A(0)

We finish the proof by observing that

e

type,(a) = linniigf 11— ¢ /" < HnH—l>i<>I<1>f 11— q”e"a|1/p€" = (typeqpe (a))



Introduction to p-adic g-difference equations 45

13. More general statements.

Let Y (qz) = A(z)Y (x) be a g-difference system such that A(z) € GI,(E}), having
only apparent singularities in D(0,17)~{0}. We suppose that there exists U(z) €
Gl (K((x))) satistying Apyj(x) € Gl,(K). Then we have:

Corollary 13.1.
1) If x(4,q) < |r|. Then

2
r(U(z)) > x(A,q)* |det A(0)* H type, (aﬂ_l) .
a,8 e.v. of A(0)
2) Suppose |7| < x(4,q) < 1 and let ¢ be a positive integer such that ‘7T|P% >

x(A,q) > |n|»"T. Then

r(U(z)) > x(4,¢)""| det A(0)| 7" [T  tyoe, (a8™)
a,8 e.v. of A(0)

3) If x(A,q) = 1. Then
rW@) = J[ type, (087

a,B e.v. of A(0)

Proof. Statement 1) follows immediately from (11.3) and (11.1), while statement
2) follows from (11.3) and (12.1)). Let us prove 3). By (I1.3) and (12.1), for any
1

l € Z>g, we have x(A, q) > |r|»*~T, hence

r(U(z)) = [x(1 = q)|»" | det A(0)[» 11 type, (af™") .
a,8 e.v. of A(0)

We finish by letting { — +o0. O

Appendix

A. Twisted Taylor expansion of p-adic analytic
functions

14. Analytic functions over a g-invariant open disk.

In this section we prove proposition [1.4. Let us recall its statement:
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Proposition 14.1. Let D = D(£,p~) be a g-invariant open disk. The map
Tye: Ap — K{z—E&hgp

f@) — T ff]{t@m o

is a g-difference algebras isomorphism. Moreover, for all f € Ap, the series
T,e(f)(x) converges uniformly to f(x) over any closed disk D(§,n), with 0 <
n<p.

The proof is divided in three steps:
STEP 1. The map T ¢ is a well-defined ring homorphism.
Proof. The only non-trivial point is that 75 ¢ is well-defined. Let f =" o, fn(z—

&)™ € Ap. By (2.1.1), for any integer k > 0 and any n € R such that |(1 — ¢)¢| <
1 < p, we have

dg (f) dg 1/ 1le(n)
L (O] < | @) () <
] 7). =T
o —1/n
Hence lim inf,, . o ‘ [qk(},f) (5)’ >, for all n such that |(1—q)¢| < n < p. Letting
1 — p one proves that Ty ¢(f) € K{z —&}q,p- O

STEP 2. Let y(x) = 3., 5oan(x — §gn € K{z — &}y, Then y(x) converges
uniformly to an analytic function over any closed disk D(€,nT), with 0 <n < p.

Proof. For any pair of integers i, k, such that 0 < i < k, we consider the symmetric
polynomial
_ 1 if ¢ = 0;
Si(@1, ... k) = Z Ty -+ -4, otherwise.
1<j1<-+-<ji<k

We notice that
(=&qn = (=8 —q§) - (x—q¢"'E)

(z=&x-+E1-q][(@—&+E1—q¢" )]

(14.1.1)

Zgn_ksz_k((L 1- g5 1- qn_l)(‘x - é)k .
k=0
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Since [€"F S (1-¢%1-q,...,1=¢" )| < [((1—g)[" *F < RF1 < pn il
the following series converges in K:

ar =Y ap&" P -1 —q,... 1-q" ) EK .
n=~k

Then the series §(z) = Y, o ax(z — §)* € K [z — £] converges over D, in fact for
any o € D we have B

sup ([§(1 = g)f, lzo —&[) < R <p,

and therefore

k—oo

0 < limsup|ag(zo —&)"|
k—oo
o0

< limsup |y a1 - %1 =g, 1= ¢ ) (g — ©)F
k=00 n=~k

< timsup (sup o 501~ )" Hlao — €1
k—oo n>k

< limsup (sup |an| R") =0

n>k

This proves that y(z) € Ap.

We want to prove that y(z) = > Sgan(® — &)gn € K{z — &}y, converges
uniformly to () over any closed disk D(&,n™7), with 0 < n < p. We fix a positive
real number 1 < p and we set Cy = sup,, y |an|n”. We observe that

li =
Nl—r>noo CN 0,

since < p. We have

N N
S ar(@—F = ar(z — g
k=0 n=0 13

N n
ap(e=F =Y an Y FGTH0,1—q,.. ., 1= ¢" (@ —&)F
n=0 k=0

(1)

I
] =

(n)

bl
I
=)

§
angniksgik(oa 1 —q,..., 1 - qnil)(x - g)k

I
M=
NE

k=0n=k
N N
*Zzanfniksgik(ovl7Q7~'~517qn71>(‘r75)k (77)
k=0n=k 3
N
= Z < Z angn—ks;r;—k(l_qO’l_q’-.-71_q7l—1)> (:L‘_é)k (77)
k=0 \n>N 13

< sup (nk sup |an|n"_k)
k=0 N n>N

[RRRE}

IN

sup (sup ann”) =Cy .
k=0,...N \n>N
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We conclude that the two series converge to the same sum over D(£,nT), for all
0 <n < p, hence over D. a

STEP 3. End of the proof.

Proof. By the previous step, one can define a map S : K{z —¢},, — Ap. Since
¢ is a limit point of ¢"¢, for any f(z),g(z) € Ap we have

dn dn
q],c(g) = q,g(g) , Vn€Zn>o < f(¢"€) = g(q"€) for all integers n >0
[n]g [n]g -
& f=g.
Then one deduces that T, El = S from the fact that
dn dnf dn d"’Lg
—L(SoT,e(f) (&) = —L+(¢) and —% (T, 0S(g)) (§) = —L-(¢
for any f € Ap, any g € K{x — £}, , and any nonnegative integer n. O

This completes the proof of (14.T1).

15. Analytic functions over non connected analytic domain.

Proposition [14.1] can be generalized to the case of analytic functions over conve-
nient ¢-invariant non-connected analytic domains:

Definition 15.1. We call g-disk of center ¢ € AL, and radius 7 € R~ the set
¢“D(&n7) = U D(@"&n7) -

Remark 15.2. Of course, if ng is the smallest positive integer such that [(1 —
q™)¢| < n, the ¢-disk D is a disjoint union of the open disks D(¢"§,n~), with
0 < n < ng, each one of them being ¢"°-invariant.

The algebra Ap of analytic functions over a g¢-disk D is the direct product
of the algebras of analytic functions over each connected component. Since the
analytic domain D is ¢g-invariant Ap has a structure of ¢-difference algebra. Hence
one can define a g-expansion map

Tye Ap — K[[x—ﬁ]]q:{znzoan(x—f)qm : anEK}

@ — Y@,

= [l

that we still call T} ¢.
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Proposition 15.3. Let f(xz) = Y, <o an(x — §)gn be a formal series such that

the a,’s are elements of K and liminf |a,| /™ = p. Then f(z) is a g-expansion

n—oo

of an analytic function over a q-disk D if and only if
P
—>1.
(g — 1)émy|

Let ng be the number of connected components of D and p their radius. Then ng
is the smallest positive integer such that

p —1/n

15.3.1 — > | 0
(153.1 G
and p, p and ng are linked by the relation:

~ no

P p
15.3.2 = .
1552 e ey

Remark 15.4. We recall that m, € K satisfies [mq| = limp oo [[n]}|"/" (cf. (3.4)).
It follows immediately by (3.3) and (15.3) that:

Corollary 15.5. The system
Y (qx) = A(2)Y (z) , with A(z) € Gl,(Mpep-)),

has an analytic fundamental solution over a q-disk centered at £ if and only if the
matrix A(x) does not have any poles in ¢"'¢, det A(x) does not have any zeros in
N
q ¢ and
1/n
<|(g—1)émg|™" .

Gn (&)

[nlg

lim sup
n—oo

16. Proof of proposition 15.3.

The main result of this section is the proof proposition [15.3 (cf. (16.5) below),
that we will deduce from the more general result (16.2).

Let £ # 0 and f(x) = >, 5 an(r — §)gn € K [z —¢],. For any non-negative
integer k it makes sense to define formally

dg (f)

(f) = Qg
and

F(@* ) =D an€™(¢" — g -

n>0

An element f(z) € K [z — £], is uniquely determined by (f(q%€))k>0 or by (ar)k>0,
knowing that these two sequences are linked by relations that can be deduced by
(L.2). Therefore K [z — ], is not a local ring and we have:
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Lemma 16.1. If ¢ # 0 the natural morphism of g-difference algebras, defined for
any ng > 1,

Kle—¢, — 1 % [+~ €],
(16.1.1) o
7(@) 3 G UM (i)

!
n>0 [’I’L]qno i=0,...,n9—1

is an isomorphism. In particular K [z —£], is not a domain.

Proof. Tt is enough to observe that an element f € [[1°)" K [z — ¢’¢]] o 18
uniquely determined by

((Fl@"€)), 50)

i=0,...,no—1

The isomorphism (16.1.1) induces an isomorphism between “converging g¢-
series”:

Proposition 16.2. We set ¢ = ¢"°. Let

9= Zgn(m —&)gn € K[[x_f]]q

n>0
and let
no—1
F=3 finle—9an e II & [[=—d¢],
n>0 i=0

0<i<ng

be its image via (16.1.1). We set

p =liminf |g,|™* and p= inf (liminf|fi,n|71) .
n— 00 0<i<ng

n—oo

Then

|(q~f>5ﬂq| N (qu)&q)no '

In order to prove proposition [16.2, we need a technical lemma:
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Lemma 16.3. 1) Let g € K [z — ] ; then
(16.3.1)

nok
G- e = (-1 ()

2) Let | = (f;) € [I}2%" K [[« — ¢’¢]] . Then

(16.3.2)
] k (hng+i) (hng+i—1)
— 1)kgkgk — (_1)k —(hngti)(hngti=1)
(q—1*eRas()E) = ( )}; > g i g :
=0 o<i<ng

h iG—1) .. A .
S (0) P e a- veame .

j=0
Proof. The two formulas can be obtained by applying twice the formulas relating

d, and o, (cf. (1.2)), taking into account that dz(f(q'€)) = ¢*d4(f)(¢'¢). O

16.4. Proof of proposition [16.2.

The proof is based on the following property of the limit of a sequence (a,) of real
non-negative numbers (cf. [ABOI} II, 1.8 and 1.9)):

1/n
(16.4.1) sup <1, lim sup a}/”) = lim sup (sup as> .
n—oo n—oo s<n
STEP 1. Proof of (16.2) when one of the (equivalent) conditions
- p < (g = 1)émy,
- p < [(q—1)émg]

is satisfied.
Suppose first that p < |(g — 1)émy|. Since p~t|m,| > 1, equality (16.4.1) implies
that

dr(g) V"
i, ©

limsup |47 (g)(£)|""

= limsup <Sup|d§(g)(£)|)1/n :

n—oo s<n

|7g| lim sup
n—oo

Pil‘wq|

IN
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Since |(g — 1)émylp~! > 1 we deduce from (16.3.2) that

. nenogn 1/n
(g — Démglp~t < limsup |(q — 1)"E"d™(g)(€)|"
nmee 1/n
< limsup sup |(7—1)°¢°d2(9)(d'9)|
n—0o0 sf[;—b],lzo,...,ng—l

= sup (1,1~ D]/ 70p /)
= (1@~ Démalp)” "™

1/n
and hence that p > [(¢ — 1)&m] (‘( ) °. Moreover the last inequality

R

G—1)&mq]
implies that p < [(§ — 1)&mg]|.

Let us suppose now that p < |(§ — 1)émg|. Then

1/n

plmgl < sup <limsup (Sup |d§(f)(q15)|> ) :
1=0,...,mp—1 n—oo s<n

We deduce by (16.3.1) that

(@~ Démglp™ < lmsup|di(H(©)]""

IN

1/n
lim sup ( sup |(q — 1)std3(f)(f)‘>

n— oo s<nng

< (g = 1)g|mp|o/ P pme

and hence that p > |(§ — 1)&ng] ( m )nO. Notice that this inequality implies
that p <[(q —1)&mg|

STEP 2. Proof of (10.2) when one of the (equivalent) conditions

- p = (g — 1)émyl,

- p 2 |(@— 1)émg|

is satisfied.

We choose v € K such that

Iyl > (g — 1)émg| o

By setting ¢ = v¢ and & = ¢, we identify g with an element of K [t — (]]q satisfying
the hypothesis of Step 1. We deduce from the estimate in Step 1 that
-1 (g — 1)¢mg] —11\1/no
Nl = ———7—(""p
" @ emprm 1P
_ |,y‘71 l(q - 1)57Tq| ~1/ng )
(@ — 1)&mg|/mo

16.5. Proof of proposition [15.3.
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We briefly recall the statement of (15.3). Let f(z) = >, 5¢an(z — &)gn be a

formal series such that a, € K and liminf|a,| /™ = p. We have to prove that

n—oo
f(x) is a g-expansion of an analytic function over a ¢-disk ¢“D(&, p~) if and only
if

Y
[TEDE AR

Let f(x) satisfy (16.5.1). Since \(qu)Eﬂl > 1 there exists a minimal positive
q
integer ng such that

(16.5.1)

p o i
(m—nm) Tarol > 1

Then set

s (e N e —
p_<|(q1)g7rq|) [mgmo (g™ — 1)¢| .

It follows from (1.4)) and (15.3)) that f(x) is the g-expansion of an analytic function
over g-disk ¢ZD(¢, p~) satisfying (15.3.1) and (15.3.2).

Conversely, let f(x) be the g-expansion of an analytic function over a ¢-disk
D = ¢”D(&,p7). Let ng be the number of connected components of D and § = ¢"°.
Then p > |(g — 1)¢|. It follows from (16.2) that p > |(¢ — 1)&my]. O

B. Basic facts about regular singularities of
g-difference systems

In this chapter we briefly recall some properties of regular singular g-difference
systems, that we have used in [IIIl and [IV. A complete exposition can be found in
[vdPS97, Ch. 12], [Sau00a] and [Sau(O2b].

17. Regular singular ¢-difference systems.

Let K be an algebraically closed field of characteristic 0 and K((z)) = K [2] [1]
the field of Laurent series. For any ¢ € K, it has a natural structure of g-difference

algebra, hence one can consider a g-difference system with coefficients in K((z)):

Y(gx) = A(x)Y () .

Definition 17.1. The g-difference system Y (qz) = A(x)Y (x) is said to have a reg-
ular singularity at O (or is regular singular at 0) if there exists U(x) € Gl,(K ((x)))
such that the matrix Ay(z) = U(qz)A(z)U(z) ' € GlL.(K [z]).
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Lemma 17.2. [Sau00a, 1.1.3] Suppose A(z) € Gl,(K [x]). If any two eigenvalues
a, 3 of A(0) are such that either « = (3 or a3~ ¢ ¢*, then one can construct
U(z) € Gl,(K [z]) such that Aq(x) = A(0).

By a convenient gauge transformation one can always assume that the hypoth-
esis of the lemma above are satisfied:

Proposition 17.3. [Sau00a, 1.1.1] Suppose that A(x) € Gl,(K [z]) and for any
eigenvalue a of A(0) choose an integer n,. Then there exists a matrix H(x)
constructed by alternatively multiplying constant matrices in Gl,,(K) and diagonal
matrices of the form

H1
(17.3.1) I,,z%t . with gy + pio + 3 =
I

M3

such that, for any eigenvalue a of A(0), ">« is an eigenvalue of Ajg(0).
In particular one can construct a matrix H(z) such that any two eigenvalues
o, B of Apy(0) satisfy either o = 3 or aff=! & ¢*.

The idea of the proof of the proposition above is that one has first to consider a
constant gauge matrix @Q such that Q~' A(z)Q has the constant term in the Jordan
normal form. Then by using a gauge matrix of the form (I7.3.1) one multiplies
the eigenvalue of a chosen block by ¢! of A(0). By iterating the algorithm one
obtain the desired gauge transformation. One calls a gauge matrix constructed as
in the previous proposition shearing transformation.

Corollary 17.4. Let U(z),V(z) € Gl,(K((x))) be two gauge transformation ma-
trix such that both Apy) and Ay are in Gl,(K). Then there exists a shearing
transformation H(x) such that HU = V.

The corollary follows immediately by proposition (17.3)), by observing that
the Jordan normal forms of Ay and Ay} coincide, modulo the fact that the
eigenvalues of Ay are the eigenvalues of Ay multiplied by an integer power of g.

18. From ¢-difference systems to ¢-difference equations.
Consider now a g-difference equation

Ly = au(2)y(¢"z) — ap—1(x)y(¢"'z) — - —ap(z)y(z) =0,

with a;(z) € K((x)), for all ¢ = 0,...,u — 1, and a,(x) = 1. The origin is said
to be a regular singularity of Ly = 0 if and only if the Newton Polygon, i.e. the
convex hull in R? of

{(i,j) €Z*: i=0,...,pand j > ordza;(z)} ,

has only one finite slope equal to 0. Obviously one has:
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Lemma 18.1. If 0 is a regular singularity for Ly = 0, then a;(x) does not have
any pole at 0, for any i =0,...,u — 1. In particular, ag(0) # 0.

It follows that the g-difference system

ap(z) | a1(z) ... au—1(x)

has a regular singularity at 0.

The converse is also true:
Proposition 18.2. ([Sau(0a, Annexe B| and [Sau02b, §2, in particular 2.2.6, (ii)])
A g-difference system over K((x)) has a regular singularity at 0 if and only if
the associated q-difference equation via the cyclic vector lemma has a regular
singularity at 0.
18.3. Second order ¢-difference equations.
Consider a second order regular singular g-difference equation
(18.3.1) y(¢*z) — P(z)y(qz) — Qa)y(x) =0 .

Then the associated g-difference system is given by

Y(qz) = (@)Y (x) , with A(z) = (Q?@ P<1w>)

and the eigenvalues «, 8 of A(0) are solutions of the second order equation

(18.3.2) T? — P(0)T —Q(0)=0.
By (17.2), if a # 8 and a8~ & ¢7, there exists U(z) € Gl,,(K [z]) such that

Ulqe) A(@)U(z)"" = (‘g g) .

If we call eq(x) (resp. eg(x)) a solution of y(qz) = ay(z) (resp. y(qz) = By(x))
in a convenient g-difference extension of K ((x)), then we have

o (47 )] -l (57 3)]

If (uq (), ug(z)) is the first row of U(z)™!, then e, (z)uq (), eg(z)us(x) is a basis
of solutions of (18.3.1)), meaning that e, (z)uq(z) and eg(x)ug(z) are linearly in-
dependent over the field of constants and they span the vector space of solutions
of Ly = 0. Observe also that e, (z),eg(x) are linearly independent over K ((x))
(that can be proved as in [Sau0O0a, Annexe A, 4)]).
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C. The ¢-type of a number

The purpose of this appendix is to calculate the radius of convergence of the series

2= ga) - (1 - g"a)

for a ¢ ¢, which is a key point in the proof theorem 10.3. Actually the radius

of such a series turns out to be equal to |7|type,(c).

As in chapters [ITI and TV), we assume that |1 —gq| < |7, so that |1 —¢| = |log¢].

19. Basic properties of the ¢-type of a number.

We recall that for any o € K we have defined the g-type of a to be the radius of
convergence of Y >0 =4 _pn while the type of « is the radius of convergence

n Aqn 1=
"
of E ;;2 o

Proposition 19.1. For any a € K we have

log a—1

type | 1 T1=1
o _

typeg(a) = B4 ‘
1 otherwise.
Proof. We have
a—q¢" a—-1 ¢"—-1 a-1 ]
= = nlg .

g—1 q¢-1 q¢—-1 g¢g-1

e |la=1 . qg—1 .n :
Hence, if ‘F‘ > 1, the radius of convergence of ano g is equal to 1.

Suppose |a — 1| < |¢— 1| < |7|. Then | —¢"| < |g — 1| < || for any integer n
and

log(ag™)
log g

a—q"
q—1

log o ‘
—n| .
log q

20. Radius of convergence of 1®(q; aq; ¢; (1 — q)x).

The series ®(z), whose radius of convergence we want to estimate, is a basic
hypergeometric series. In the literature it is denoted by 1P1(q; ag; ¢; (1 — ¢)x) (cf.
[GRI0)).
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Lemma 20.1. For any o € K ~ ¢% we have:

1« ™ w(—x)” 1—g¢q
PO (2 ) \ & T T T

n>0 q n>0 q

Proof. One verifies directly that the series ®(z) is a solution of the g-difference
equation

LO(z) = [o4—1]0 [ac,—((¢g—1)z+1)]®(z)
= a®(¢’r) = ((¢ - gz +1+a)®(gz) + (¢ —1)gz +1=0.
Since the roots of the equation (cf. (18.3.2))
aT? — (a+1)T+1=0

are exactly a~! and 1, any solution of Ly(z) = 0 of the form 1+ Y -, a,a™ €
K [x] must coincide with ®(x). Therefore, to finish the proof of the lemma, it is
enough to verify that

1—« x" a4y (—x)™ 1 —
=1 ZW 2.1 - )([n]!) 1—qga

1 n>0 " 4 n>0 q

is a solution of Ly(z) = 0 and that ¥(0) = 1.
Let eq(z) =3 ",50 % Then e,(x) satisfies the ¢-difference equation
- q

eq(gz) = ((g — Dz + 1) eq(2) ,
hence

Loeg(x) = [og—1]0eqlqr)o [aoy —1]
= eg(@) ((¢— Dz +1) [((g— gz +1) oy — 1] 0 [ag, — 1]

= H[((g-Dgz+1)og—1] o [ag, —1] ,

where we have denoted with (x) a coefficient in K (z), not depending on o,.
Consider the series Eq(x) =, < qnw{l) £ which satisfies

[l
(1= (g = 1)z) By(qz) = Eq(2)

and the series

nntn) (—z)" 1—g¢q
ga(x) = 2 PN
7;) [n]; 1—q"o
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Then
Loey(r)ga(zr) = (*)[((q — gz + 1)y — 1} ° [aaq - 1}9@(1’)

= (9)[((¢— gz + 1), — 1] Ey(—qx)
= ([ ((¢g—Dgz+1) Ey(—¢*x) — Eg(—qz)]
- 0.

It is enough to observe that €,(0)g,(0) = 11_;2 to conclude that the series ¥(x) =

T=aeq(7)ga() coincides with (). O

Corollary 20.2. For any o € K ~ ¢%, the radius of convergence of

2 (1-qa)---(1—q")

n>0

is ||type, (a).

Proof. Tt follows immediately from the previous results, since the radius of con-
vergence of >° o I |7r]. O
- q

Acknowledgments. As an undergraduate student in Padova, I attended Profes-
sor Dwork’s course during the academic year 1993/94: it is an honor to be able
to acknowledge his decisive influence on my Ph.D. thesis as well as on the present
work.

I would like to thank Y. André, J-P. Ramis and J. Sauloy for the many dis-
cussions we have had during the preparation of this paper, for sharing their en-
thusiasm, and for their constant encouragement; the referee of the present paper
for writing such a motivating report; and H. Shapiro and E. Sommers for their
editorial help. Any remaining deficiencies are entirely my fault.

References
[Ada29] C. Raymond Adams. On the linear ordinary g¢-difference equations. Annals
of mathematics. Second Series, 30(2):195-205, 1929.
[And87] Yves André. Spécialisation dans les disques singuliers réguliers. In Groupe
d’Ftude d’Analyse Ultramétrique 1985/86, pages 1-14. Univ. Paris VII,
Paris, 1987.
[And89] Yves André. G-functions and geometry. Friedr. Vieweg & Sohn, Braun-

schweig, 1989.

[And00a] Yves André. Séries Gevrey de type arithmétique. I. Théorémes de pureté
et de dualité. Annals of Mathematics. Second Series, 151(2):705-740, 2000.



[And0O0b]

[And02a]

[And02b]

[ABO1]

[BC92a]

[BCY2b)

[Béz91]
[Béz92]

[BB92]

[BG41]

[Bom81]

[Chr77]

[Chr81]

[Chr83]
[Chr84]

[Chr93]

Introduction to p-adic g-difference equations 59

Yves André. Séries Gevrey de type arithmétique. II. Transcendance sans
transcendance. Annals of Mathematics. Second Series, 151(2):741-756,
2000.

Yves  André. Monodromie  des  connexions  p-adiques,
et g-déformations. Ramification en Géométrie et
Arithmétique, Institut Galilée, Université Paris 13, France.
http://zeus.math.univ-parisi13.fr/“ramifica/notes.html) 2002.

Yves André. On galois theory of g-deformations of differential equations.
Prépublications de I'Institut de Mathmatiques de Jussieu n. 333. Available
at http://www.institut.math. jussieu.fr/ preprints| 2002.

Yves André and Francesco Baldassarri. De Rham cohomology of differential
modules on algebraic varieties. Birkhauser Verlag, Basel, 2001.

Francesco Baldassarri and Bruno Chiarellotto. On Christol’s theorem. A
generalization to systems of PDEs with logarithmic singularities depend-
ing upon parameters. In p-adic methods in number theory and algebraic
geometry, pages 1-24. Amer. Math. Soc., Providence, RI, 1992.

Francesco Baldassarri and Bruno Chiarellotto. On André’s transfer the-
orem. In p-adic methods in number theory and algebraic geometry, pages
25-37. Amer. Math. Soc., Providence, RI, 1992.

Jean-Paul Bézivin. Les suites g-récurrentes linéaires. Compositio Mathe-
matica, 80(3):285-307, 1991.

Jean-Paul Bézivin. Sur les équations fonctionnelles aux g-différences. Ae-
quationes Mathematicae, 43(2-3):159-176, 1992.

Jean-Paul Bézivin and Abdelbaki Boutabaa. Sur les équations fonctionelles
p-adiques aux g-différences. Universitat de Barcelona. Collectanea Mathe-
matica, 43(2):125-140, 1992.

George D. Birkhoff and Paul E. Guenther. Note on a canonical form for
the linear g-difference system. Proc. Nat. Acad. Sci. U. S. A., 27:218-222,
1941.

Enrico Bombieri. On G-functions. In Recent progress in analytic number
theory, Vol. 2 (Durham, 1979), pages 1-67. Academic Press, London, 1981.

Gilles Christol. Structure de Frobénius des équations différentielles p-
adiques. In Groupe d’Etude d’Analyse Ultramétrique, 3e année (1975/76),
Fasc. 2 (Marseille-Luminy, 1976), Exzp. No. J5, page 7. Secrétariat Math.,
Paris, 1977.

Gilles Christol. Systemes différentiels linéaires p-adiques, structure de
Frobenius faible. Bulletin de la Société Mathématique de France, 109(1):83—
122, 1981.

Gilles Christol. Modules différentiels et équations différentielles p-adiques.
Queen’s University, Kingston, ON, 1983.

Gilles Christol. Un théoréme de transfert pour les disques singuliers
réguliers. Astérisque, 119-120, 1984. p-adic cohomology.

Gilles Christol. Modules différentiels sur des couronnes. In Séminaire
d’Analyse, 5, 1989-1990 (Clermont-Ferrand, 1989-1990), pages Exp. No.


http://zeus.math.univ-paris13.fr/~ramifica/notes.html�
http://www.institut.math.jussieu.fr/~preprints�

60

[CDY4]

[DV02]

[DVRSZ03]
[DGS94]

[DR80]

[GR90]

[Rob75]

[Rob00]

[Sau00a]

[Sau00b]

[Sau02a]

[Sau02b]

[vdPS97]

Lucia Di Vizio

28, 30. Univ. Clermont-Ferrand II, Clermont, 1993.

Gilles Christol and Bernard Dwork. Modules différentiels sur des couronnes.
Université de Grenoble. Annales de UInstitut Fourier, 44(3):663-701, 1994.

Lucia Di Vizio. Arithmetic theory of g-difference equations: the g-analogue
of Grothendieck-Katz’s conjecture on p-curvatures. Inventiones Mathemat-
icae, 150(3):517-578, 2002.

Lucia Di Vizio, Jean-Pierre Ramis, Jacques Sauloy, and Changgui Zhang.
Equations aux g¢-différences. Gazette des Mathématiciens, 96, 2003.

Bernard Dwork, Giovanni Gerotto, and Francis J. Sullivan. An introduction
to G-functions. Princeton University Press, Princeton, NJ, 1994.

Bernard Dwork and Philippe Robba. Effective p-adic bounds for solutions
of homogeneous linear differential equations. Transactions of the American
Mathematical Society, 259(2):559-577, 1980.

George Gasper and Mizan Rahman. Basic hypergeometric series, volume 35
of Encyclopedia of Mathematics and its Applications. Cambridge University
Press, Cambridge, 1990. With a foreword by Richard Askey.

Philippe Robba.  Structure de Frobenius faible pour les équations
différentielles du premier ordre. In Groupe d’Etude d’Analyse Ultramétrique
(2e année: 1974/75), Exzp. No. 20, page 11. Secrétariat Mathématique,
Paris, 1975. D’aprés un travail en commun avec B. Dwork, Amer. J. Math.,
a paraitre.

Alain M. Robert. A course in p-adic analysis, volume 198 of Graduate
Texts in Mathematics. Springer-Verlag, New York, 2000.

Jacques Sauloy. Systemes aux g-différences singuliers réguliers: classifica-
tion, matrice de connexion et monodromie. Annales de I’Institut Fourier,
50(4):1021-1071, 2000.

Jacques Sauloy. Théorie de Galois des équations aux g-différences fuchsi-
ennes. PhD thesis, Université Paul Sabatier, Toulouse., 2000.

Jacques Sauloy. La filtration canonique par les pentes d’'un module aux g-
différences. Comptes Rendus Mathématique. Académie des Sciences. Paris,
334(1):11-14, 2002.

Jacques Sauloy. La filtration canonique par les pentes d’un module
aux ¢-diffrences. Prépublication du Laboratoire Emile Picard n.249.
arXiv:math.QA/0210221) 2002.

Marius van der Put and Michael F. Singer. Galois theory of difference
equations. Springer-Verlag, Berlin, 1997.

Lucia Di Vizio, Laboratoire Emile Picard, Université Paul Sabatier, U.F.R. M.I.G., 118,
route de Narbonne, 31062 Toulouse CEDEX4, France

Email: divizio@picard.ups-tlse.fr


http://front.math.ucdavis.edu/math.QA/0210430�

